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Viscosity of concentrated suspensions and properties of porous media 
ABSTRACT 
In this study new theoretical method of calculations of effecllve properties of porous and 
dispersed materials is suggested. The new method takes into account cluster formation in 
colloidal suspensions/emulsions. This method is applied to calculations of dependence of 
effective properties of porous and dispersed materials on volume fraction of dispersed phase. 
Theoretical predictions are compared with available experimental data. 
Chapter 1 presents a review of available theoretical methods for calculation of effective 
properties of dispersed and porous media. 
Our new method is applied for calculation of effective diffusion coefficient in porous 
media in Chapter 2. The deduced dependency of the effective diffusion coefficient on the 
porosity shows the good agreement with available experimental data. 
A new theoretical method of calculations of viSCOSity of concentrated suspensions is 
suggested in Chapter 3. The new method is based on the consideration of the influence of cluster 
formation on the viscosity of concentrated suspensions. The deduced theoretical dependency of 
the effective viscosity on the volume fraction of the dispersed particles is compared with 
aV3.llable expenmental measurements. The comparison shows the good agreement between the 
theory predictions and the experimental data. 
In Chapter 4 the new method for calculation of the dependency of effective viscosity of 
emulsions on the volume fraction of droplets is suggested. The new theory takes into account 
flocculation of droplets. Theorellcal dependencies of the effecllve viscosity on the volume 
fraction of droplets are deduced in two cases: developed flocculation and Iow flocculated 
emulsions. The comparison of the theory predictions with available experimental data shows the 
good agreement In both cases of developed and Iow flocculation. 
Our new method IS applied to calculations of the effective Viscosity and permeability of 
porous media, illustrated in Chapter 5. Brinkman equations are frequently used for the 
description of the liquid flow in porous media. These equations include two semi-empirical 
parameters: effective viscosity and permeability. It is shown in Chapter 5 that these two 
dependencies on the particle volume fraction can not be determined independently. The system 
of two interconnected differential equations for the calculation of the effecllve viscosity and 
permeability is deduced and calculations are compared with aV3.llable computed simulations of 
the flow inside porous media. 
Viscosity of concentrated suspensions and properties of porous medIa 
In Chapters 6 and 7 the new method is applied for the calculations of elastic properties of 
dIfferent composite materials: rubber/polymer sheets with cracks, laminated composite materials, 
composite matenals with more than one type of inclusions. In each case deduced theoretical 
dependencies are compared with available experimental data. In the case of rubber/polymer 
sheets with cracks trus comparison, this shows the very good agreement wIth experimental data. 
In the case of concrete the comparison shows better agreement with the experimental data than 
the frequently used Mori-Tanaka method. 
Keywords: averaging, effective, viSCOSIty, diffusion, composIte materials, mean field 
approximation, porous media 
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Chapter 1 EFFECTIVE PROPERTIES OF POROUS AND DISPERSED MEDIA: 
REVIEW 
1.1 Averaging methods 
Multiphase systems dominate nearly every area of science and technology, and the 
method of volume averaging provides a foundation for the analysis of these systems. The 
development is based on classical continuum physics, and it provides both the spatially 
smoothed equations and a method of predicting the effective transport coefficients that 
appear in those equations. However, the averaging method in many cases does not allow 
calculation of these effective coefficients from the volume fraction of dispersed phase. 
These calculations can be carried out using a new version of mean field approximation 
method suggested in this thesis. 
The. determination of the average or macroscopic properties of porous materials is a long-
standing problem of great interest, for instance (Thompson, et al., 1987), (Levich, 1962), 
(Lichter, Steefel, and Oelkers Editors, 1996), (Schraad, 2001). Application of the 
averaging method to the problem of porous catalyst has been done by (Whitaker, 1999) 
and in this section we present his derivation. 
Boundary value problem of the diffusion and reaction in a porous catalyst can be 
expressed as 
~; = V .1>( Vc) , in the continuous phase, A., 
- n ·1>V c = kc , at the boundary between two phases, :EAs , 
c = ~(r,t), at the external boundary 
(1.l.1) 
(1.1.2) 
(1.1.3) 
in which 1> is the diffusion coefficient, c is the concentration of molecules, which 
diffuse In the porous medium, n is normal vector and k is pseudo reaction rate constant 
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It is sufficient to detennine the average concentration and the average rate of reaction 
with the averaging volume for design purposes. The details of this averaging volume are 
presented in Figure 1.1 where the position vector rl. is used to locate any point in the 
A. -phase. The position vector x locates the centre of the averaging volume that may lie 
rA. 
Figure 1.1 Averaging volume for the A. - s system 
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in either the A-phase or the s-phase. The relative position vector Yl. is used to locate 
points in the A -phase relative to the centre of averaging volume. 
The process of spatial smoothing begins by associating with every point in space an 
averaging volume which does not change with respect to time and space. For the two-
phase system under consideration we can express the averaging volume l' as 
l' = V). (x) + V,(x), 
where Vl.(x) represents the volume of the A- phase containing within the averaging 
volume and the volume fraction of the A - phase (identified as the porosity) is given by 
In the method of volume averaging the average of e is expressed according to 
(e)' =..!. J edV. 
ry'V, 
Thus integration of Eq. (1.1.1) and dividing by <V results in 
_1 J ae dV=_1 JV.(1)Ve}dV. 
l' 'V, at l' 'V, 
(1.1.4) 
(1.1.5) 
Since V). is not a function of time, the general transport theorem (Whitaker, 1981) can be 
used to express the left side of this result as 
- dV=- - e dV =- e 1 J~e d { 1 JI } d ( )" 
1'v, at X+Y>. dt 1'v, X+Y>. dt" 
Because the spherical average concentration IS associated in the fixed point x, it is 
appropriate to make use of the partial derivative and express Eq. (1.1.6) as 
a~)' =(V. (1)Ve))'. 
(1.1.6) 
(1.1.7) 
In Eq. (1.1.7) notation V· means div (and notatIOn V means grad). It should be clear that 
It is necessary to interchange differentiation and integration on the right hand side of Eq. 
(1.1.7). Given some scalar SI. associated within the A phase, the spatial averaging 
theorem for the A - s system can be expressed as 
3 
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(1.l.8) 
in which :EM represents the area of the A. - s interface contained within 'l'. This 
theorem represents a three-dimensional version of the Leibniz rule for interchanging 
differentiation and integration. Eq. (1.1.8) was derived independently by (Marle, 1967) in 
a study of single-phase flow In porous media, by (Anderson and Jacson, 1967) in a study 
of fluidised beds and by many other authors later. Derivation of Eq. (1.1.8) is especially 
simple in one- dimensional case. 
This result With the right hand side ofEq. (1.1.7) can be used to obtain 
(V.(VVc))' =V.(VVc)* +_1 fn!DVcdL. 
'l'~" 
(1.1.9) 
Substitution of the boundary conditions (1.1.2) into Eq. (1.1.9) gives 
d(c}" =V.(VVc)' __ 1 fkcdL . 
dt 'l' ~" (1.1.10) 
Since concentration within the phase s In the reaction of porous catalyst is zero: 
(1.1.11) 
where ( .. )A means averaging on the phase A, ~ is porosity and 
(1.1.12) 
Substitution ofthe Eq. (1.1.11) into (1.1.10) results in 
~d(c)A =V.(VVc)' __ 1 fkcd:E. 
dt 'l' ~" (1.1.13) 
In Eq. (1.1.13) the first term ~ i)~;A means accumulation in phase A., the second term 
V.(VVc)' means diffusion, and ~ fkcdL means the decreasing of the concentration 
'l'~" 
due to heterogeneous reaction. ThiS form (1.1.13) illustrates a key aspect of the process 
4 
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of spatIal smoothing, i.e. the interfacial boundary conditions are joined to the governing 
equations for the multiphase transport phenomena. 
Using notation for averaged value at interface ('2.}}.s 
('2.}}.s = _1 f &lE, 
1:}.s ~" 
here 1:}.s represents the area of 'J...-s interface. Eq. (1.1.13) can be simplified as 
Here 1:}.s is surface area between 'J... and s phases. 
Eq. (1.1.14) and (1.1.8) give 
4> a(c}A = V . [:D(V(C)' +_1 fncdl:)L 1:1" (kC}}.s. 
at 'V~" ~ 'V 
Eqs. (1.1.15) can be transfonned using (1.1.11) in the following way 
4> a~;A = V· [ , 4>V(C}A + (C}A V4>+ ~ J:Cdl: J] -~ (kc}}.s. 
Since the intrinsic average concentration is the quantity of interest, the point 
concentration is decomposed as 
C=(C}A + CA· 
On substitution ofEq. (1.1.17) mto Eq. (1.1.16): 
(1.1.14) 
(1.1.15) 
(1.1.16) 
(1.1.17) 
4> a(aC}A = V .[J 4>V(C}A + (C}A V4>+_1 f n(c}A dl:+_1 f nCAdl:)L 1:1.s k(c}l.s. (1.1.18) 
t -l 'V ~ 'V ~ ~ 'V 
In order to remove the volume averaged concentration from the area integral in Eq. 
(1.1.18) a Taylor expansion is used about the centroid of the averaging volume to obtain 
5 
(1.1.19) 
•• Lo,:,ghborough 
.Um~""ty 
VIscosity of concentrated suspensIOns and properties of porous media 
Substitution of the latest equation into surface integrals in Eq. (1.1.18) gives 
Since all terms evaluated at the centred can be removed from the mtegral, Wlntaker 
arrived at 
It is easy to see that 
(l.l.20) 
This means that Eq. (1.1.20) leads to a well- known result given by 
(1.1.30) 
In the case of isotropic porous dIstrIbution V cjl IS zero. Volume 'V is sufficiently big 
comparable with porous size. All pores are distributed randomly and estimation shows so 
the integral ~ f nd1: as well integral f Yk ••• yknd1: are zero. Consequently, Eq. (1.1.18) is 
'1',,- "-
simplified in this case using the additional condition (c}J..s = (C}k resulting from 
estimation of value (c}J..s as 
The solution ofEq. (1.1.31) is proposed m the form 
ck =bkV(C}klx + A(C}kL +gk' 
(1.1.31) 
(1.1.32) 
where gk is an arbitrary function. Choosing the functions bk and fk in the following 
form: 
6 •• Loughborough 
• Uni ...... ty 
VIScosIty of concentrated suspensIOns and properties of porous medIa 
Problem 1: 
V'bA =0, 
-n· VbA =n, at LM , 
bA (r + l,) = bA {r 1 i = 1,2,3 Periodicity conditIOns. 
Problem 2. 
V'f =-~ 
A cl> 0 A ' 
k 
- n . V fA = -- at LA,' 
D. 
f. (r + 1/)= f. (r) i = 1,2,3 Periodicity conditions 
Substitution of Eq.(1.1.32) into (1.1.31) gives closed fonn of the governing differential 
equation for {c}y. Since (c}y and V{c}y are evaluated at the centroid of the representative 
unit cell, these tenns can be removed from the area integral in Eq. (1.1.31) and this leads 
to 
The effective diffusion tensor is defined by 
!Deff = !D. (I +~ fnb,.dL} 
V. E" 
We represent the vector associated with the chemical reaction as 
U= cI>!Dl. fn/.dL. 
V. E" 
(1.1.31) 
(1.1.32) 
(1.1.33) 
Substitution of these two definition (1.1.32) and (1.1.33) into equation (1.1.31) gives the 
following fonn the closed equation 
cl> a~;l. = V . [cI>!DeffV{c}J+ V· ({c}l. u)-~ k{c}l.. (1.1.34) 
The latter expression does not allow calculation dependency of effective coefficients as 
functions of the porosity of the porous medium. This derivation IS presented to show that 
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the averagmg method predicts only a general form of resulting effective equations, but is 
either unable to calculate the dependency of effective coefficients on the porosity or the 
volume fraction of dispersed phase m the explicit form or leads to very substantial 
problems in their calculations. 
The averaging method has been applied for calculation effective diffusion coefficient in 
papers (Ryan, et al., 1981), (Chang, 1983) and (Quintard, et al., 1993, 1993a), (Ochoa-
Tapia, del Rfo, and Whltaker, 1993), (Kim, Ochoa, and Whitaker, 1987), (Ochoa-Tapia, 
Stroeve, and Whitaker, 1994), (Barenblatt, Entov, and Ryzhik, 1990), (Bear, and 
Bachmat, 1990), (Bear, 1988). 
The same averaging method has been applied to calculation of a closely related problem 
of effective thermal conductivity in papers (Perrins, 1979), (SaliraoUl and Kavlany, 
1993), (Batchelor, and O'Brien, 1977), (Ochoa, et al.,1986), (Nozad, Carbonel, and 
WJutaker, 1985a, 1985b), (Ochoa-Tapia, and Whitaker, 1997, 1998), (Quintard, and 
Whitaker, 1995). Other interesting contributions are made by (Yagl, and Kunil, 1957), 
(Hsu, and Cheng, 1988), (Glatzmaier, and Rarrurez, 1988), (Roberts, 1997). 
Effective diffusion of dispersion in porous media has been investigated by the averaging 
method in papers (Edwards, et al., 1991, 1993), (Saliraoui, and Kaviany, 1994), 
(Quintard, and Whitaker, 1993, 1993a, 1994), (Brener, 1980), (Currie, 1960). ThiS 
problem is investigated by other methods in references (Isichenko, 1992), (Milton, 1982), 
(Fned, and Comamous, 1971), (Gunn, and Pryce, 1969), 
Single- phase flow in heterogeneous porous media (membranes) is conSIdered by 
averaging method in papers (Quintard, and Whitaker, 1987), (Plumb and Whitaker, 
1988a, 1988b). Other approaches include references (Gross, and OsterIe, 1968) 
In all of the above papers effective differential equations have been deduced, however, 
effective coefficients either have not be explicitly calculated via porosity or a number of 
additional simplifications have been introduced. 
8 •• Loughborough 
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The aim of our work is to use effective equations, which have been deduced according to 
the averaging or statistical method (see below), and to calculate dependence of effective 
coefficients on porosity or volume fraction of dispersed phase. 
1.2 Statistical methods 
The statistical reconstruction of real porous media IS one of the basic engineering 
problems In the theory of porous structure and has a vanety of applications In the study of 
transport, in mineral processing, and in material characterisation has been Investigated by 
(Giona, and Adrover, 1996). The problem for consideration is about to obtaining porous 
medium equivalent to the original porous medium. The equivalence means that the real 
porous media and the reconstructed one should have the same porosity and the same 
pore-pore correlation function (correlation function of the second order). The 
reconstruction of porous media is a typical inverse problem. 
Let us consider the experimental cross section of a porous medIUm as a two-dimensional 
image Y. 'P is the pore space, descnbed by its characteristic functIon X" (x) 
XE 'P 
elsewhere 
(1.2.1) 
The porosity is given by $ = (X" (x)) , and the normalised pore- pore correlation function 
by 
((x,,{y)- $Xx,,{y+ X)-$)) 
$_$2 (1.2.2) 
Note that (X " (x » = $ «(..) includes statisucal spatial average). 
Under the assumption of isotropy, e2l (x) is solely a function of I~ and the generic cross 
sectIon of the material is representative of the entire three-dimensional structure. The 
statistical analysis is limited to the pore-pore correlation function, so that the lattice 
9 •• Loughborough 
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structure to be generated must have the same porosity and the same pore-pore correlation 
function as the original image. 
A simplest way to obtain this is to consider a continuous correlation random process 
(Giona, and Adrover, 1996): 
Y(x} = L,a(r')1;(r'+x}, (1.2.3) 
" 
where ~(x) is a normalised Gaussian random variable (with zero mean and unit 
variance), a(r} is the kernel of the linear filter, and the summation is extended over the 
value of r' belonging to the lattice representation of the periodic unit cell. Since Y is a 
linear superposition of Gaussian variables. The transformation from the Y process to the 
binary, (pore- pore matrix, 011) porous structure is given by a non-linear filter g, 
dependmg on the function of distribution Fy of Y and on the porosity <1>, for each point 
x, the reconstructed porous structure Z(x} is given by 
(1.2.4) 
Eq. (1.2.4) statistically ensures that the reconstructed porous medium admits the porosity, 
<I> , so that the only condition to be further imposed is that C2Z• (x) = C2x (x). 
The correlation function C2Z• (x) is related to the correspondmg correlation function 
C2y (x) through the relation 
(1.2.5) 
where 
( ) _ 1 [Y:+Y;-2C2YYIY2] P YI'Y2 - (_ 2 W2 exp 2l1-c2 ) . 21t 1 C2y } 2y 
(1.2.6) 
The normalised correlation function C2,(x} for Y given by Eq. (1.2.5) reads as 
10 
(1.2.7) 
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Figure 1.2 StatIstIcal reconstructIon of porous medIUm wIth 
~ = 0.5 and dIfferent values of A.- parameter ID Gausslan 
kernel (Giona, and Adrover, 1996): 
A) A. = I, 
B) A. = 0.1; 
C) A.=0.05; 
D) A.= 0.01 
11 ~Loughborough 
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Therefore. for every C2Z, {x}. the corresponding value of C2y {x} is evaluated through 
Eqs. (1.2.5-1.2.6). In papers (Quiblier. 1984). and (Adler. Jacquin. and Thovert. 1990). 
C2Z• is expressed as a power series of C2y by using an orthogonal expansion in terms of 
Herrnite polynomials. This series expansion is computatlonally expensive and the 
convergence deteriorates for C2y tending towards unity. For this reason. it is convenient 
to integrate numerically Eq. (1.2.5) for the prescribed value of the porosity <1>. Starting 
from a set of values {C2y,}e [-1.1] the corresponding values {C2Z~} can be obtained in 
this way. and can be used as a calibration curve. From the knowledge of C2y {x}. the 
coefficients of the linear filter {a{r'}} are then calculated starting from Eq. (1.2.7) by 
means of optimisation methods. 
A d-dimensional isotropic structures (see Figure 1.2) can be reconstructed in a slightly 
different way than in the previous subsection. by convoluting a Gaussian uncorrelated 
process with a Gaussian kernel. 
(
4A.JdI4 , 
.Y{X,A.)= f a{u.A.}1;I.{u + x}du = - fe-2l.u ~l.{u+x}du. 
Etl 'It Etl 
(1.2.8) 
where Ed is the Euclidean d-dimensional space. Ed ={~-co < x, <co}. (i=I •..• d). The 
correlation function for the process given by Eq. (1.2.8) is Gaussian. 
The problem of reproducing porous medIUm is also analysed in papers (Adler. et al. 
1992). (Berryman. 1985). (Berryman. and Blair. 1986). Historical revue of development 
of porous media theory IS given by (de Boer. 1996). 
Another interesting contribution comes from the analysis and filtering of stochastic 
fluctuation by applying fractional Brownian motion models or multifractal methods (for 
an overview of vanous approaches see (Baldo. Norman. and Tricot. 1994). 
(Chandrasechar. 1997). (BOSSIS, and Brady, 1987, 1989. 1984). (Brady. 1993a). (Branka. 
and Heyes. 1999). (Kim. and Oppenheim. 1972). (Lodge. and Heyes. 1999a. 1999b). 
(Adrian. and Ronald. 2002). (Dutta. et al .• 2001). (Kyunil. Chan. and Byung. 2002) • 
12 • • l.ot,Igh~rough 
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(Buryachenko, 2001), (Darnmak, Ltaif, Bulvestre, Pourcelly, and Auclair, 2001), 
(Edwards, and Grinev, 2001) 
Some of the macroscopic transport properties of porous media can be derived by the 
method of multiple scales (Bensoussan, et al., 1978) and (Sanchez-Palencia, 1980). 
We adopt however a different procedure in modelling of a porous structure, which is in a 
way, similar to that described above. We assume that the porous structure is built up of 
either single, randomly distnbuted particles, or by randomly distributed clusters of the 
single particles. Figure 1.2 clearly shows the presence of clusters in the case of porous 
media built up by mdividual single particles. There are also a number of direct 
experimental evidences (see below) that particles m suspensions as well as droplets in 
emulsions form clusters (doublets, triplets and so on. We apply our consideration below 
both to emulsions/suspensions and to porous media. In the case of suspensions/emulsions 
cluster size distribution depends on colloidal hydrodynamic conditions and should be 
determined m the self-consistent way. In the case of porous media cluster size 
distribution, it IS predetermined by the way the porous media was formed. 
1.3 Effective diffusion coefficient in porous media 
Calculation of effective diffusion coefficient is presented in the following publication 
(Quiantard, and Whitaker, 1994), (Rayleigh, 1982), (Weissberg, 1963), (Ryan, Carbonel, 
and Whitaker, 1981), (Bowen, et al., 2000), (Schwartz, et al., 1994). 
The first attempt of a theoretical prediction of the effective diffusion coeffiCient was done 
by (Maxwell, 1881) (see Figure 1.3), who analyzed a dIlute suspensIOn of 
monodlspersed spheres to obtain the result 
1)df 2 
--=--
1)0 3-4> (1.3.1) 
The next step is presented by (Weissberg, 1963), which is in reasonably good agreement 
with the experimental data, and gives an upper bound of the diffusion coeffiCient 
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Figure 1.3 Dependency of effective diffusion coefficients on porosity. 
From (Whitaker, 1999). 
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:Deff 1 V= 1 . 
o l--In<l> 
2 
(1.3.2) 
(Wakao, and Smith, 1966) obtained the following relation 
:Deff 
-=<1>. 
:Do 
(1.3.3) 
Comparison of the different theoretical dependencies with experimental data is given in 
Figure 1.3. 
Below we apply our modified mean field approximation method for calculation of the 
effective diffusion in porous media to show that our method gives very good agreement 
with experimental data. 
1.4 Dielectric permeability of suspensions 
In this section we follow (Dukhin, and ShIlov, 1988). 
Electrical inductIOn jj in the absence of a distributed volume charge satisfies the 
following law 
divD=O. (1.4.1) 
Effect of polarization in dielectric results in interrelation between electrical induction and 
electnc field intensity, E 
(1.4.2) 
In a homogeneous dielectrics vector, D has the same direction as vector E. Dielectric 
permeability E becomes a scalar. 
15 
VIscosIty of concentrated suspensIons and propertIes of porous medIa 
The work expended in moving a charge along any closed path in an electrostatic field is 
zero. Accordmg to Stokes' theorem, this yields the second differential equation of 
electrostatics: 
rotE=O. (1.4.3) 
This expression indicates that E IS a potential vector, in which case a scalar potential 
'fof an electrostatic field can be introduced: 
E=-grad'f. (1.4.4) 
At any surface I: the followmg boundary conditions should be satisfied: 
(1.4.5) 
(1.4.6) 
where n is normal vector to the surface I: and square brackets mean the difference of a 
function in square brackets on crossing the surface I:. 
Application of the cell method to the boundary problem (1.4.1)-(1.4.6) gives 
em[eP +ZEm+{ ZEP _ZEm )J (1.4.7) 
(l-y~P +yem+ZEm 
where y= (aiRY is the volume fraction of particles. Eq. (1.4.7) is Wagner's equation (see 
(Dukhin, and Slulov, 1988) for details). 
1.5 Mean field approximation (Sruggeman's method) 
Wagner's equation has been substantially improved by Bruggeman using the mean field 
approximation method. This approach results in Bruggeman's equation (Bruggeman, 
1935). 
(1.5.1) 
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Figure 1.4 Dielectric constant of water -in- oil emulsion on the disperse phase volume 
fraction from (Dukhin, and Shilov, 1988). Experimental data (Hanai, at al. 1968). 
Theoretical curves: 
1 )Raylelgh; 
2)Bottcher; 
3)Bruggeman (Eq. (1.5.1»; 
4)Kubo Nikamura; 
5)Wiener. 
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Figure 1.5 High- frequency limit of the dielectric constant of an 011- in 
water emulsion on volume fraction from (Dukhin, and Shilov, 1988). 
Experimental data (Hanai, at al. 1959). Theoretical curves: 
1 )Rayleigh (Rayleigh, L, 1982); 
2)Bottcher; 
3)Bruggeman (Eq. (1.5.1»; 
4)Kubo Nikamura; 
5)Wiener. 
18 •• Lo,;,ghborough 
• Unl\'a'SlIy 
VIScosIty of concentrated suspensIons and propertIes of porous medIa 
Comparison of dependence of effective dielectric penneabihty on the volume fraction of 
particles calculated according to Eq. (1.5.1) (Bruggeman, 1935) with experimental data 
and other theoretical curves is presented in Figures 1.4, 1.5. 
This method has been applied for solution of different problems: viscosity of 
suspensions, where particles do not fonn clusters (Roscoe, 1952, 1973), (Brinkman, 
1952); elastic properties of composite matenals With only one type of inclusions 
(McLaughhn, 1977), (Christensen, 1990); viscosity of non-flocculated emulsions (Phan-
Thien, and Pham, 1997). However, in all these papers a mathematical derivation of the 
Bruggeman method is not presented. Below is presented such derivation in our thesis. 
The latter comparison shows that the Bruggeman equatIOn gives the best agreement with 
experimental data. These figures show that this method gives amazingly good agreement 
with expenmental data, that is, deserves further developments. 
Unfortunately neither in the original paper (Bruggeman, 1935) nor in subsequent 
publications was a mathematical derivation of his method presented (instead it was a 
wordy descnption). Below in our thesis we present a new derivation of the Bruggeman 
method, which allows us its application to a number of different problems. 
1.6 Effective viscosity of suspensions 
The steady shear viscosity of suspensIOn should obey the state equation (Gerald, and 
Krieger, 1986) 
11'ff 
-=f(y,crJ, 
110 
(1.6.1) 
where 11'ff is the effective viscosity of suspensions, 110 is the viscosity of the dispersion 
medium, y is the volume fraction of particles and crc is dimenslOnless shear stress 
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aa' a =--
C kT' (1.6.2) 
where a is the actual shear stress, a is the particle radius, k is the Boltzman's constant, 
and T is the absolute temperature. Reducing the ionic strength in aqueous systems 
increases the Iow-shear limiting viscosity dramatically, and eventually produces an 
apparent Yield stress (Choi, and Krieger, 1986a). 
Viscosity- volume fraction relatIonship has been suggested by Krieger- Dougherty (Choi, 
and Krieger, 1986a) 
<If ( )Y.[~l 2L= 1-..l 
Tlo Yno 
(1.6.3) 
The fitting parameters [11] and Yno are used with Eq. (1.6.3) to interpolate the relatIve 
viscosity, l1'ff /Tlo ' at the other volume fractions keeping the shear rate unchanged. 
Eq.(1.6.3) can be applied in a wide range of shear rates, however, fitting parameters [11] 
and Y no change with shear rate. 
Shear rate dependency of the effective viscosity in Newtonian flow behaviour has been 
suggested for use in the following form (Krieger, 1986) 
Eq. (1.64) can be converted to the dlmensionless form as 
l1'ff /Tlo - Tl" 
112, -Tl" 
(1.64) 
(1.6.5) 
here 112, and 111, are two new fitting parameters, the low- and high-shear limiting 
viscosity. 
Krieger- Dougherty Eq. (1.6.3) is widely used for description of the dependence of the 
effective viscosity of suspension on the volume fraction of suspensions. It is necessary to 
20 •• Loughborough 
.,UniVersity 
V lSCOSlly of concentrated suspensions and properties of porous media 
notice that the derivation of this equation is rather semi-empirical and does not reveal a 
physical meaning of fitting parameters [11] and Ym • This equation (as well as a number of 
other approaches) does not take into account formation of cluster (doublets, triplets and 
so on) in suspensions. Clustering is a result of colloidal and hydrodynamic interaction 
and is taken into account within this thesis. 
The phenomenon of shear- thickening (or dilatancy) has been considered by Barnes 
(Barnes, 1989). He concludes, at a lugh Reynold's (lugh shear rate) number the viSCOSity 
of suspensIOns increases with applied shear rate. We hope that our method will give us in 
the future a possibility of explaining this phenomenon based on the consideration of 
cluster formation. Influence of cluster formation on viscosity of suspensIOn and dilatancy 
have also been investigated by (Quemada, 1998a, 1998b, 1998c), (Quemada & Berli, 
2002). 
1.7 Viscosity of emulsions 
The relative Viscosity of a emulsion, 11'ff /110 , having negligible colloidal interactions can 
be expressed in the form of a rheological equation of state (Choi, and Krieger, 1986b) 
-=/ -<L,y,Ca,Re . 11'ff (11 ) 
110 110 
(1.7.1) 
where 11'ff is effective viSCOSity of emulsion, 110 is viscosity of dispersion medIUm, 11d is 
viscosity of the liquid inside droplets. Ca and Re are dimension capillary and particle 
Reynolds number defined as 
Ca = 11o'ta , 
l 
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Re 
where 't is the shear rate, a is the droplet radius, .l is the interfacial tension, and Po is 
the continuous-phase density. 
At low capillary numbers Ca ~ 0 and under creeping flow conditions Re ~ 0, the 
relative viscosity of unflocculatedJunaggregated emulsion can be written (Choi, and 
Krieger, 1986b) 
11'ft = 1(11d '''(J 
110 110 
(1.7.2) 
At small particle volume fraction a particular fonn of Eq. (1.7.2) has been suggested by 
(Taylor, 1932) as 
511d +2 tft 
.:!:L = 1 + 110 "(. 
110 2( ~: + 1 J (1.7.3) 
To take into account the hydrodynamic interactlon between the neighbouring droplets 
(Choi, and Schowalter, 1975) derived the following equation 
"fi(51]., + 2} l11d 1}'/3] 
11qr =1+ 1) 11o}110 7 10 Y' (1.7.4) 
110 {~: +1)-{5~ +2 }+42~ Y' -{5~: -2}' +{~ -I}' 
(Yaron, and Gal-Or, 1972) used the cell model and arrived to the followmg equation 
[
' 842 '~ 5.54,,(3+10--13 + 4110 1-"(3 
"4 =1+ { "] {11,] '" { l 110 1 1-"(3 -25 1-"(3 +10 ~: (1-,,( 1-,,(3 (1.7.5) 
22 
VIscosity of concentrated suspensIOns and propertIes of porous medIa 
Starting from Taylor's Eq. (1.7.3) and using the mean field approximation (Phan- Thien, 
and Pham, 1997) have developed an equation for the effective viscosity of 
unflocculatedlunaggregated emulsions 
1 (1.76) =--1-Y· 
Previous dependencies (1.7.3)-(1.7.6) agree reasonably well with available expenmental 
data at low volume fraction of droplets and deviate substantially at intermediate and high 
volume fractions. 
As it has been mentioned, all the equations above do not take into account flocculation, 
which is responsIble for the most part for the effective viscosity of concentrated 
emulsion, as shown below in this thesis. Below IS suggested a new method whIch allows 
us to take the influence of flocculation on the effective viscosity of emulsions. 
1.8 Permeability of porous media 
PermeabIlity, heat conductivity and diffusion of porous and dispersed media are very 
important parameters for the design of chemical reactors and a number of applications of 
these processes. PermeabIlity IS an essential parameter for processes of filtration of 
liquids and gases. 
Different models are used for the calculation of the permeability of porous media. The 
most frequently used model is the Darcy model (Scheidegger, 1974), (Darcy, 1856). This 
model is based on the following equation 
kD U=--Vp, 
110 
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where 110 is the viscosity of the liquid, U is the velocity of the liquid in the porous 
medium, p is the pressure, kD is the permeability. 
Various models are used to calculate the permeability dependency on the porous medium 
properties (Wong, 1984, 1994). According to (Koponen, Kataja, and Timonen, 1997) the 
porous medium is envisaged as a layer of solid material with straight parallel tubes of 
fixed cross-sectional shape intersecting the sample. Within this model the permeability is 
given as 
(1.8.2) 
where c is the Kozeny coefficient which depends on the cross section of the capillaries, 
«I> is the porosity, S is the specific surface area, which gives the ratio of the total internal 
interfacial area to the total volume. In the case of straight cylindrical capillaries c = 2 . 
A common charactensuc of any material transported in porous media is that the actual 
path followed by the transport material is microscopically very complicated or "tortuous" 
(Carman, 1937, 1956), (Scheidegger, 1974), (Bear, 1972), (Dullien,1979). The simplest 
way to introduce the tortuosity in the capillary model is to allow the tubes to be inclined 
In such a way that the axes of each capillary form a fixed angle e with the normal of the 
surface of the material (while the angles, 8, of the capillaries are randomly distnbuted 
(Koponen, Kataja, and Tlmonen, 1997). In this case the permeability becomes 
where c; = 11 cos e is the tortuosity of the porous medium. 
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Accordmg to the Carman- Kozeny model (Koponen, Kataja, and Timonen, 1997) the 
permeability k expresses as a function of the hydraulic radius m and the total porosity 
D 
<p: 
cjlm 2 
kD =-k-' 
koz 
where cp = I - 'Y • Here k is the Kozeny constant. 
koz 
(1.8.4) 
(Kats, and Thompson, 1986) proposed a simple relationship between the permeability 
and the conductivity s starting from percolation concepts: 
(1.8.5) 
where s is the conductivity of the rock saturated with a brine solution of conductivity So 
(the ratio F = 80/8 is also called the formation factor). 
In the formulation in (Katz and Thompson, 1986), I is a unique transport length scale 
c 
related to the threshold pressure in a mercury injection expenment in a porous medium 
with a broad pore size distribution. However, le is well defined only when the porous 
medium can be modeled as a distribution of cylindrical pores. 
(Johnson, Koplic, and Schwartz, 1986) introduced a new geometrical parameter A, 
related to dynamically connected pore sizes and was measured as an effective pore 
volume-surface area ratio defined in terms of the electrical potential of the steady current 
flow. 
The parameter A introduced by (Johnson, Koplic, and Dashen, 1987) has been used to 
descnbe the effects of an mtemal boundary layer on a variety of processes, including 
Stokes flow and Darcy permeabIlity: 
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A2 S 
k =c--D 8 ' So 
(1.8.6) 
where C is a constant. This constant is equal to one in the case of an array of non-
intersecting capillaries. 
In (Saeger, Scriven, and Davis, 1991) also pointed out that neither the rotational velocity 
field inside a porous medIUm nor any integral quantity related to the velocity can be 
accurately derived from the solution of the Laplace equation for current flow in static 
field. 
In (Hilfer, 1991, 1992, 1996) an attempt was made to give a theoretical explanation of the 
relation between the permeability and the formation factor through the introduction of the 
statistical characterisation of pore size geometry in terms of local percolation probability. 
Once again he stressed the formal sinularity between the permeability and the 
conductivity. 
Extensive literature has been developed on the subject of flow through packed beds. For 
packed beds of uniform spheres (Happel, and Brener, 1965) deduced the following 
dependency of the effective permeability on radius of particles a and porosity cp: 
(1.8.7) 
The Kozeny equation may be rewritten in the case of packed beds of the umform spheres 
as (Happel, and Brenner, 1965) 
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Darcy equations are of the first order, however, Navier-Stokes equations are of the 
second order. The latter means that the flow inside and outside the porous medium can 
not be matched on their interface (Vasin, Starov, and FiIlipov, 1996). The Brinkman 
equations have been introduced (Brinkman, 1952) to overcome this problem. These 
equauons are introduced for the description of the flow in porous media. According to 
this model 
(1.8.9) 
where llB is the effective viscosity of the liquid in the porous medium, k B is the 
permeability. The Eq. (1.8.1) or (1.8.4) should be coupled with the continuity equation: 
divU=O. (1.8.10) 
Brinkman Eqs. (1.8.9) are of the second order, but a new semi-empirical coefficient the 
effective viscosity, llB' has been introduced. 
It is suggested that average viscosity of the liqUid in the porous structure differs from 
viscosity of the pure liquid (Brinkman, 1947). It has been deduced in (Koplik, and 
Levine, 1983) that the effective viscosity, llB' is lower than the viscosity of the liquid 
outside the porous media. 
Our consideration shows that at the moment there is no agreement even on the value of 
the effective viscosity in Brinkman Eqs. (1.8.4). We suggest below in our thesIs a new 
method of calculation of both permeability and effective viscosity in porous media. It is 
shown that both these dependences can be determined in a self -consistent way and cannot 
be determined separately. 
1.9 Elastic properties of composite materials 
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Various methods have been proposed to derive the macroscopic properties of composite 
materials such as rocks (Watt, Davies, and O'Connel, 1976), (Thorpe, and Jasiuk, 1992), 
(Orozco, Gan, and Hewen, 2002). In (Cleary, Chen, and Lee, 1980) different applications 
of self -consistent approximation method are summarised. In (Kantor, and Webman, 
1984) elastic properties of randomly percolated system have been investigated. Chapmen 
and Higdon (Chapman, and Higdon, 1994) have recently deduced elastic properties of a 
composite material built up by a three-dimensional array of overlapping spheres using the 
collocation method based on Kelvin's general solution of the elasticity equations. Day et 
al. (Day, et al., 1992) calculated the elastic properties of a porous medium built up by 
circular holes using a discretised-spring scheme. 
Effective elastic and viscoelastic properties of composite materials have been 
investigated in (Christensen, 1979) using the cell method. The cell contains the same 
volume fraction of inclusions as the non-homogenous medium around. According to the 
cell model the non-homogenous medium outside the cell is substituted by an effective 
homogeneous medium With effective properties to be determined. Effective properties 
can be obtained as the result of solution of the boundary problem with the boundary 
conditions imposed at the boundary of the cell. 
Effective elastic properties of composite materials have been investigated in (Pobedria, 
1984) as follows. Equations of elasticity have been solved exactly for cases when all non-
homogeneity varies in only one direction (lamellar materials and material with spherical 
symmetry). 
Effective modules of composite materials at low volume fraction of inclusions have been 
calculated by (Russel, and Acrivos, 1972). 
Methods of calculation of the effective elastic coefficients of the composite material 
using statistical technique have been developed in (Shermergor, 1977), (Khoroshun, 
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Maslov, Shikulda, and Nasarenko, 1993). Accordmg to this approach elasticity 
coefficients, Gq ... , are considered as random functions of co-ordinates. Below we follow 
(Shermergor, 1977) and (Khoroshun, Maslov, Shikulda, and Nasarenko, 1993). ElastIc 
Green functions, Gmk , are determined by the following differential equation 
3 3 3 aG ( ) ( \~ ~~~C'J'" axi;, x,(I)_Xf2) +0 4)-xf2)p", =0. (1.9.1) 
Eq. (1.9.1) can be transformed using equations of Betti (Pobedria, 1995) to the stochastic 
integral equations with respect to fluctuation of deformation, E~ (where E~ = Eq -(Eq), 
(1.9.2) 
where K is an integral operator, ( .. ) = _1 f..dv. Superscripts (1) and (2) show that the 
'1''1' 
corresponding values are taken in points 1 and 2, respectively. Superscript m shows that 
the corresponding value is taken in the matrix (not in the inclusion). The most frequently 
used method of solution of the resulting equations is so-called "Imearization method". 
Smallness of the difference c'2) - Cc is assumed according to the "linearization method". 
Thus, 
(1.9.3) 
where S is a small fixed parameter. The solution can be represented as a sum 
~ 
s(O) = L s's,. (1.9.4) 
n=O 
Substitution of Eqs. (1.9.3), (1.9.4) into Eq. (1.9.2) and equating coefficients with the 
same power of S gives the sequence of linear equations: 
Eo = 0; EP) = K(X(I) - X(2»)A<2)((E) +Eo). 
E~) = K(X(I) - X(2) )A(2)EF) , ... , EZ) = K(X(I) - X(2) )A(2)E~~I' ... (1.95) 
Using Eqs. (1.9.4), (1.9.5) the followmg equation can be deduced 
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SI -(s) = iK(x(') _x(Z»). K(x(Z) _X(3)} •. K(x(n-l) _X(n»)X(C(Z) _Cm XC(3) -cm }..(c(n) - cm XS). 
n=2 
(1.9.6) 
Expression for macro- stresses can be now written as 
(1.9.7) 
Substitution Eq. (1.9.5) into Eq. (1.9.7) gives an expression for tensor of effective elastic 
modules 
Cif =(g+ iK(X(') -x(Z»).K(X<Z) -X(3)}.x(X( .... ) -x(n»)x«(C<I) -(gXCZ) -cmX(3) -cm}.{Cn) -cm)). 
o=Z 
The latter expression shows that in this case under consideration (as in the averaging 
method) the latter method cannot give explicit dependency of effective coefficients on the 
volume fraction of inclusions. 
The Mory-Tanaka method (Mura, 1987), (Benveniste, 1987) has been applied for micro-
mechanics analysis of elastic properties of composite materials. It involves rather 
complex manipulation of the field variable. Mori-Tanaka results correspond to the lower 
Hashin- Shtnkman bound (Willis, 1977), (Hashin, and Shtrikman, 1962, 1962a, 1963). 
Below, we apply our new method to the calculation of the effective elastic properties of 
composite materials. The resulting equations give better agreement with experimental 
data than the Mori-Tanaka method. 
1.10 Discussion 
Averaging and statistical methods give the possIbilIty to deduce average equations, which 
describe transport process in porous and dispersed media. Resulting differential equations 
include one or more effective coefficients, whose dependency is on volume fraction of 
the dIspersed phase to be determined. Unfortunately, neither of these methods gives the 
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direct possibilIty to calculate dependences of effective coefficients on the volume fraction 
of dispersed phase: other methods should be involved. 
It is shown above that the Bruggeman method (Bruggeman, 1935) is the most promising 
method for the calculation of the dependenCies of the effective coefficients. 
Unfortunately neither Bruggeman himself in the original paper (Shermergor, 1977) no in 
the subsequent publications presents direct mathematical derivation of this. That is, it was 
always doubtful if any result deduced using Bruggeman methods are physically 
meaningful and if 'yes' how this method can be extended to other more complex 
situations. 
Below v.:e suggest the proper mathematical derivation of the Bruggeman method, which 
is applied to various problems and compared with available experimental data. 
In the case of suspensions and emulsions our modified method IS coupled with a 
completely new idea: consideration of cluster formation (flocculation) in 
suspensions/emulsions. It is shown that in the case of suspensions our method gives a 
modification of the well-known Dougherty- Krieger equation. In the case of emulsions 
our method results in new theory of the effective viscosity of emulsions. 
31 •• Loughborough 
.Uni"milty 
VIScosIty of concentrated suspensIOns and propertIes of porous med,a 
Chapter 2 EFFECTIVE DIFFUSION IN POROUS MEDIA 
2.1 Introduction 
The Bruggeman's method (refereed also as the differential method, which is essentially a 
version of a mean field approximation) has been successfully applied to calculation of the 
effective dielectric constants of the suspensions and emulsions (Dukhin, and Shilov, 1974). 
The comparison of the different theoretical methods is given III Figure 2.1 (from (Dukhin, 
and Shilov, 1974». The curve 3 In Figure 2.1 according to the Bruggeman equation 
(Bruggeman, 1935) shows the best agreement with the available experimental data. 
Unfortunately, neither in the original paper of (Bruggeman, 1935) nor in the subsequent 
papers (see for example (Christensen, 1990» clear mathematical base of this method has not 
been presented, that did not allow a further apphcauon of this very promising method. 
The properly modified version of Bruggeman's method free of the mentioned above 
disadvantage is presented below in this section. The new version of the Bruggeman method is 
applied to the calculation of the dielectnc penneabihty of suspensions/emulsions, which 
gives the equation identical to that deduced by Bruggeman (Bruggeman, 1935). 
This derivation gives us the possibility to be sure that (1) our modified method gives the same 
result in the case of the calculation of dielectric permeability of suspensions/emulsions, (2) 
can be applied to other problems. The first of them IS the calculation of the effective diffusion 
coefficient in porous media. 
The idea of the modified Bruggeman's method is illustrated below using the calculauon of 
the dependency of an effective dielectric constant of emulsions/suspensions on the volume 
fraction of the dispersed phase, y, (Figure 2.2). This example shows that the application of 
our modified method results in exactly the same Bruggeman equation. Below we consider the 
case of emulsion though the same consideration can be applied to suspensions. 
Let em, eP are the dielectric constants of the dispersion phase and droplets, respectively; 
e'ff (em ,eP , r) is the dependency of the effective dielectric constants on the dielectric 
constants of droplets, the dispersion phase and the volume fracuon of droplets. Let us mark 
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randomly a small number m of droplets (top part A on Figure 2.2). The rest of emulsion 
containing non-marked droplets is replaced by the effective medIUm having the effective 
dielectrIc constant e'ff (em ,eP ,y-ay). Let the volume fraction of the marked droplets in the 
new emulsIOn (bottom part B on Figure 2.2) be oB. This volume fraction is obviously 
different from ay(see Appendix 2 for details). The latter means that the dielectric constant of 
the emulsion B (Figure 2.2) is e'ff (e'ff (em ,eP ,y-ay1eP ,oB). Obviously, the dielectric 
constant does not depend on the way of its calculation, Le. the dielectric constants of 
emulsions A and B are equal. It yields the following equation for the determination of the 
dependency of the effective dielectric constants of the emulsion on the volume fraction of 
droplets. 
The Taylor's series expansion of the right hand side of the latter equation and known solution 
for the dependency of the dielectric constant on the volume fraction of droplets in the case of 
small volume fraction (see Appendix 1 for details) results in a differential equation for 
e'ff (em ,eP , y) determinatIon. Solution of this equatIon coincides With the Bruggeman 
equation (1.5.1) for the dependency of the dielectric constants on the volume fraction of 
droplets. 
2.2 Calculation of the dependency of the effective diffusion coefficient on 
porosity 
Figure 2.3 presents a porous medium built up by impermeable spherical particles with a 
liquid (or a gas) in between. Molecular diffusion takes place in the space between particles. It 
has been mentioned above, that for an applicatIon of the modified Bruggeman's method the 
dependency of the effective diffusion coefficient on the volume fraction of particles at low 
volume fraction of particles is required (high porosity in the case under consideration). The 
effective coefficient of the molecular diffusion in the porous medium built up by 
impermeable sphencal particles in the case of high porosity is calculated below using the cell 
model (Figure 2.4). 
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The unit cell of radius R is presented in Figure 2.4. It includes an impermeable sphencal 
particle of radius a in the centre and the dispersion medium around. The cell is surrounded by 
the effective medium with unknown effective diffusion coefficient, Deff• The radius of the 
cell, R, is given by the following condition y = ~1t a3 / ~1t R3 = ( ; J' R = 13 ' where <p= l-y 
is the porosity, y is the volume fraction of the particles. The volume fraction and the flux of 
the molecular substance (which is diffusing between particles) should be contmuous on the 
boundary of the cell. On the boundary of the particle the flux in the direction perpendicular to 
the boundary of particle should be zero (Impermeable particle). The concentration profile 
both inside the cell and outside obeys the Laplace equation. The solutions of the 
correspondmg problem (see Appendix 1) results in the Maxwell equation (Maxwell I.C., 
1954). 
DejJ =(1~ 1nm ' 
r+2f 
(2.2.1) 
where D m is the diffuSIOn coefficient in the interparticle space, D'ff is the effective diffusion 
coefficient in the porous medium. 
In the case of the very low volume fraction of particles (&y«I) Eq. (2.2.1) becomes: 
Dejf = Dm + Ad!ffUslon (Dm )5r, (22.2) 
where 
(2.2.3) 
Below a modification of the Bruggeman's method briefly described in 2.11ntroduction is 
presented in more details. 
Let us mark randomly some small number of particles in the porous medium (with volume 
fraction 09«1). The porous medium can now be considered as the mixture of the small 
number of the marked particles surrounded by the effective porous_medium bUilt up by the----
non· marked particles and the liquid (or the gas). Thus, the effective diffusion coefficient can 
be expressed using two different ways:(i» using equation 
D'ff =D(Dm,r), 
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where D(Dm, r) is the dependency to be detennined and (ii) using "the marked particles" 
with volume fraction 00, surrounded by the effective porous medium with "not marked 
particles" with volume fraction r - 8y. Diffusion coefficient inside this effective porous 
medium is D( Dm , r - or). The latter two definitions should give the same dependency of the 
effective diffusion coefficient. It yields the following equation for calculation of D(Dm ,r): 
D(Dm,r) =D(D(Dm ,r-Jr),OO). (2.2.5) 
Geometrical consideration (see Appendix 2) gives 00 = or . Substitution of the latter 
l-r 
expression mto Eq. (2.2.5) and usmg first two terms of the Taylor series in the right hand site 
(small parameters 8y 11 /ie) results in the followmg dIfferential equation (see. Appendix 2 
for details): 
dD'ff = A d!fo.""" (D'ff ) 
dr l-r 
(2.2.6) 
with the boundary conditions 
(2.2.7) 
The problem (2.2.3), (2.2.6), (2.2.7) has the following solution: 
D'ff =Dm(I-rY/2. (22.8) 
The comparison of the latter dependency (2.2.8) (dashed curve) with the known theoretIcal 
relations (continuous hnes) and available experimental data (Whitaker.,1999) is presented in 
Figure 2.5. Comparison shows that the relation (2.2.8) gives the very good approximation of 
the experimental data. 
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2.3 Appendix 1 
Calculation of the effective diffusion coefficient using cell method 
Let us consider a porous medium built up by the spherical impermeable particles (Figure 3) 
filled With a liquid (or gas). The effective coefficient of the molecular diffusion in this porous 
medium is calculated below using the cell model. The unit cell of radius R IS presented in 
Figure 4. It mcIudes an impermeable spherical particle of radius a in the centre and the 
dispersIOn medium around. The cell IS surrounded by the effective medium with unknown 
effective diffusion coefficient, Deff, The radius of the cell, R, is given by the following 
condition 1= ~1t a3 / ~1t R3 = ( ; J. R = ;3 ' where cp=I-1 is the porosity, 1 IS the'volume 
fraction of the particles. 
Diffusion of some admixture is taken place in the space between particles, which are 
impermeable for this admixture. Far from the cell the gradient of concentration of the 
admixture is constant (see condition (2.3.7». On the boundary of the cell the concentration 
and the flux of the admixture are continuous. On the boundary of the particle the flow in the 
direction perpendicular to the boundary of the particle is zero (impermeability condition). 
The field of concentration outside and inside of the cell obeys to the Lap lace equation: 
.6.ceff =0, r>R· (2.3.1) 
.6.Cm=O, r<R. (2.3.2) 
The boundary condition on the boundary of the particle of radius a is 
(2.3.3) 
The boundary condition on the boundary of the cell of radius R are 
(2.3.4) 
and 
(2.3.5) 
where Dm is the diffusion coefficient in the dispersion medium, DeiJ is the effective 
diffusion coefficient to be determined. 
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The solution of the Eq. (2.3.1) can be presented in the following fonn: 
ee!! =g(r)cos 0, r>R· 
Far from the cell the constant gradient of admixture concentration is imposed: 
c eff =CoorcosB, 
(2.3.6) 
(2.3.7) 
here C- is the constant describing concentration field far from the cell. Comparison of the 
latter two equations shows: g(r) = C-. 
The solution of Eq. (2.3.2) can be presented in the same fonn as (2.3.6): 
cm = f (r )CO s B I r < R ' 
Substitution of the latter expression In Eq. (2.3.2) gives: 
em =( Gr I ~ )coso. (2.3.8) 
here G and Q are integration constants. The unknown effective diffusion coefficient Deff can 
be calculated using three boundary conditIons (2.3.3)-(2.3.5). Indeed, the concentration 
profiles outside and inside the cell, (2.3.8), (2.3.7), includes two integration constants, G and 
Q, as well as the unknown effective diffUSIOn coefficient, Deff• That is, we have system of 
three equations for three unknowns. This system has the follOWing solutIOn: 
C-a3 Q=-, 
2+y 
2C G=--, 
2+y 
D'1f =(1-~ lnm. 
y+2 r 
Eq. (2.3.11) has been obtained by (Maxwell, 1954) In a different approach. 
2.4 Appendix 2 
(2.3.9) 
(2.3.10) 
(2.3.11) 
Calculation of the diffusion coefficient using the modified Bruggeman method 
The volume fraction of particles is defined as 
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(2.4.1) 
here V is the total volume of the porous medium, V P is the total volume of particles. 
The unknown dependency of the effective diffusion coefficient on the fraction of the particles 
is 
(2.4.2) 
which is calculated below. 
In the case y = 0 Eq. (2.4.2) is reduced to 
(2.4.3) 
If the fraction of the particles is small, &)-«1, the Eqs. (2.4.2) and (2.4.3) result in 
D'jJ = Dm + Adyu"on (Dm )or , (2.4.4) 
where Adyu"on is the new function, which is determined earlier according to Eq. (2.4.3). 
Let us mark randomly some small number of particles, and remaining particles are left non-
marked. The volume fraction of marked particles 8B is 
8B=8V 
V' (2.4.5) 
here 8V is the volume of marked particles. The volume fraction of the non- marked particles, 
y-Sy is 
(2.4.6) 
Eqs. (2.4.1), (2.4.5), (2.4.6) result in the folIowmg relation between volume fractions 
Sy= (1- y) 8B , or, keeping only first order small terms 
1-8B 
8B= by . 
l-y 
(2.4.7) 
The porous structure can be considered now as a mixture of marked particles surrounded by 
the rest of the porous structure built up by non-marked particles. Thus, the effective diffuSIOn 
coeffiCient can be expressed in two different ways: (i) using defimtlon (2.4.2) and (ii) using 
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"marked particles" with volume fraction 8B, surrounded by an effective medium of "non-
marked particles" with volume fraction r - Oy. Unknown diffusion coefficient in this 
medIUm accordmg to definition (2.4.2) is D(Dm ,y-Oy). As the effective diffuSIOn 
coefficient does not depend on the way of its calculation, it yields the following equatIOn: 
D(Dm ,y) =D(D(Dm ,y-Oy),80). (2.4.8) 
Decomposition of Eq. (2.4.8) using Taylor's series and saving terms of the first order 
proportional to Oy H 80, gives 
D(D(Dm ,y-8y),80) = D(D(Dm ,y),O)+ 
aD(D(Dm ,y-Oy),8B) 
+ aOy 
aD(D(Dm ,y-Oy),80) 
Oy+ 80. ~g aDB %~g 
(2.4.9) 
Eq. (2.4.9) can be simplified using condition (2.4.3) 
D(D(Dm ,ylo)= D(Dm ,y). 
The combinations of Eqs. (2.4.3), (2.4.2) results in 
aD(D(Dm ,y-Oy),80) 
a80 
Condition (2.4.3) gives 
aD(D(Dm ,y),80) 
a80 
08=0 08=0 
aD(D(Dm ,y-Oy),8B) 
!iy.O 
Ife=o 
aD(D(Dm,y-8y),O) 
aOy 
_ aD(Dm,y-8y) aD(Dm,y) 
ay 
dDiff 
- aOy ---dy 
6y=0 
Substitution of Eqs. (2.4.10)-(2.4.12) into Eq. (2.4.9) gives 
o = A d'Ji"'''' ( Diff ) 8B _ dDiff Oy. 
dy 
(2.4.10) 
(2.4.11) 
= 
(2.4.12) 
(2.4.13) 
Substitution of Eqs. (2.4.4), (2.4.8) into Eq. (2.4.13) result in the following differential 
equation 
dD' if A difus'on (D'if ) 
dy l-y 
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with boundary condition (2.4.3): 
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60 
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20 
0.8 0.6 0.4 0.2 Y 
Figure 2.1 Effective dielectric constant of emulsions on the droplet volume 
fraction (Dukhin, and Slulov, 1974). The symbols are aVaIlable 
experimental data fom (Dukhin, and Shilov, 1974); curves 1-5 according 
to: 
1 Rayleigh; 
2 Bdttcher; 
3 Bruggeman equation; 
4 Kubo Nlkamura; 
5 Wiener 
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A 
ceff (cm ,cP ,r)= 
ceff (ceff (cm, cP , r - Or ), cP ,of} ) 
l 
B 
Figure 2.2 Schematic explanation of the modified Bruggeman's method (see text for details) . 
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Liquid or 
gas 
Figure 2.3 Porous medium bUilt up by impermeable particles. Liquid or the gas I vapor 
between particles contains an admixture, which diffuses in between particles . 
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Effective medium, 
Deff 
Particle 
R=a, 
Figure 2.4 The cell method for calculation of the effecllve diffusion coefficient. 
Spherical impermeable particle of radIus a is Inside a spherical cell of radius R. 
The cell is surrounded by the medium with the effective diffuSIon coefficient Deff • 
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~_'Y)Deff 
Dm 
1.0 
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Kim et al. 
• spheres 
Currie 
o mixture of spheres 
1:1 sand 
Il carborundum 
'f sodium chloride 
HoOdSChagen 
o mixture of spheres 
v carborundum 
Quintard 
0.2 OA 0.6 0.8 
1- Y 
to 
Figure 2.5 The dependence of the effective diffusion coefficient D'ff on the particle volume 
fraction "I (Whitaker, 1999). The solid lines correspond to the models of the different 
authors; experimental data from (Whitaker, 1999). The dashed line corresponds to our Eq. 
(2.2.8). 
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E 
r 
?=l-r 
D 
V 
of} 
a 
R 
A diffusIOn 
I! 
C 
V 
r,f} 
Superscripts 
m 
p 
eff 
00 
dielectric permeability 
volume fraction of the dispersed phase 
porosity 
diffusion coefficient 
volume 
volume fraction of marked particles 
radius of particles 
radius of cell 
function defined by Eq. (2.2.2) 
Laplacian 
concentration 
derivative 
polar coordinates 
matrix 
particles 
effective 
boundary conditions at the infinity 
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Chapter 3 VISCOSITY OF CONCENTRATED SUSPENSIONS: INFLUENCE OF 
CLUSTER FORMATION 
3.1 Introduction 
Dispersed particles can form clusters even at sufficiently low volume fractions. Colloidal and 
hydrodynamic forces are responsible for this phenomenon and these forces determine both 
structure and size of clusters. We assume that viscosity of concentrated suspension IS 
completely determined by cluster size dlstflbution, no matter if clusters form under the action 
of colloidal, hydrodynamic interactions or shear rates. Based on this assumption an equation, 
which deSCrIbes dependency of viscosity on a volume fraction of dispersed particles taking 
into account cluster formation, is deduced. Under special restrictions the deduced dependency 
coincides with the well-known Dougherty-Krieger' s equation except for a clear physical 
meaning of parameters entered. Our consideration shows that Dougherty-Krieger' s equation 
has deeper physical background than it has been supposed earlier. ExperImental verification of 
the suggested model shows a good agreement with the theory predictions and proves a 
presence of clusters even at low volume fractions of dispersed particles. 
There is no need to emphasize an importance of concentrated suspensions for industrial 
applications as well as a number of theoretical approaches used for description of viscosity 
dependence on volume fraction of dispersed particles (Russel, Savllle, and Schowalter, 1989). 
Colloidal and hydrodynamic interactions between particles result in formation of doublets, 
triplets and higher clusters (Russel, Savllle, and Schowalter, 1989). Aggregation of particles is 
accompanied by destruction of aggregates caused by finite depth of potential well and/or shear 
stress applied. As a result a distribution of cluster sizes is formed in the suspension. Presence 
of clusters mfluences drastically viscosity of concentrated suspensions. Computer simulation 
is a useful tool for exploring the relationship between interparticle interactions and suspension 
rheological properties. Clustering and restructuring of colloidal systems under shear is 
observed in a number of computer simulations (Bosis, and Brady, 1984), (Heyes, and 
Melrose, 1993), (Lodge, and Heyes, 1999), (Heyes, and Branka, 1999). 
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However, computer simulations can not for substitute analytical modeling and interactions 
between these two types of modeling can provide a new insight. Here we present a new 
analytical method, which allows deducing a dependency of viscosity on particle volume 
fraction to be deduced taking into account cluster formation. Our new method taking into 
account cluster formati on is used below. 
3.2 Theory 
Let us consider a suspension of volume V, wluch contains N single spherical particles. 
Volume fraction of particles, 'Y, is 
(3.2.1) 
47t 3 
where v = "'3 a , is the volume of a single particle and particle radius a, respectively. Let 
n/, i = 1,2,3, ... be a number of clusters of corresponding size in the volume V and 
r/.",.,., i = 1,2,3, ... be an averaged packing density of single particles inside clusters. nl is a 
number density of "clusters of size 1", that is, single particles, hence, 'YI.max=l. 
Volume fraction of clusters containing i particles can be written as 
V. 
r, =y' v = ivn, / ' r/.max 
which satisfy the following mass conservation condition 
~ 
L 'Y/ 'Y/.""" = 'Y. 
1=1 
i = 1,2,3, ... (3.2.2) 
(3.2.3) 
It is assumed below that the Viscosity of the suspension is completely determined by cluster 
size distribution, that is, can be described by the following dependency 
(3.2.4) 
where 1'/0 is the viscosity of the pure liquid. 
When all cluster volume fractions, r. ' are zero, the suspension consists only of the pure liquid 
and Eq. (3.2.4) gives 
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170 = 'P(17o,O,O,O, ... ), (3.2.5) 
which is used below. 
When particle density, 1, is small then all r. are also small and Eq. (3.24) can be written in 
accordance with Einstein's relation as 
-
'1'[110,1.,12,13 , ... ] = '1'[110,0,0,0, ... ] + 2.5L 11oA, 1, ' (3.2.6) 
.=1 
where coefficients A" i = 1,2,3,... are deviations of friction coefficient of clusters with i 
particles from the corresponding value for solid particles. Obviously AI=l. Coefficients 
A, ' i = 1,2,3, ... are referred to below as friction coefficients for abbreviation. The meaning of 
friction coefficients can be understood using the following example. Let two spherical 
particles with the same diameter be considered: the first one is a solid particle, the second one 
is a particle composed of i smaller particles (a model of a cluster). The fnction force exerted 
on each of two particles under consideration will be different if both particles are placed in a 
liquid flow. Let A, be a ratio of the fnction force in the case of the composed particle (cluster) 
to the corresponding force exerted to the solid particle. The friction force is changed in the 
case of the composed particle because of two reasons: (a) a solid surface exposed to the liqUId 
flow is smaller than in the case of the solid particle, (b) the liquid flow partially penetrates 
inside the composed particle. Two mentioned trends, (a) and (b), change A" i = 2,3, ... 
values in different ways: because of the reason (a) these values decrease and increase because 
of the reason (b). That is, a complex interplay determines A" i = 2,3,... values. Friction 
coefficients can be calculated based on theory developed in (Landau, Lifslnts, 1959). 
Deviation of cluster shapes from spherical is an additional cause of change of friction 
coefficient values (Happel, Brenner, 1965.). 
It is obvious that parameters r,.max' A, i = 2,3, ... are functions of both colloidal, 
hydrodynamic mteractions and applied shear stress. 
Let a small amount of clusters, !:!.n,« n" i = 1,2,3, ... be marked randomly in the whole 
volume of suspension. The suspension can be considered as a mixture of the marked clusters 
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surrounded by a suspension of non-marked clusters. Volume fractions of the marked clusters, 
~~. ' i = 1,2, ... , are 
M = ~v. ~v = ifln. 
, V' t ' 
"1 ...... 
i = 1,2,3, ... , (3.2.7) 
Volume fractions of non-marked clusters in the rest of the suspension are 
"1. -~~. V. __ ~ V. , i = 1,2,3, ... 
V-L~VJ 
J=I 
or keeping only first order tenus: 
v. -~v. i = 1,2,3, ... (3.2.8) 
Marked clusters are surrounded by the rest of the suspension, which is assumed to be a 
homogenous liquid With viscosity ,¥[1l, Y, - ~;, ' Y2 - ~;2' Y3 - ~;3 , ... j, where small volume 
fractions ~~" i=1,2,3, ... in the latter expression are given by Eq. (2.8). Hence, viscosity of 
suspension can be expressed in two ways: according to Eq. (2.4) and considering the 
suspension as a mixture of marked and non-marked clusters: 
T1 = '1'['1'[1]0' "11 - ~~,' "12 - ~~2' "13 - ~~3, .. ·lM"M2,M3,· .. 1 
Right hand sides of Eqs. (2.4) and (2.9) should be equal, this gives 
'1'[1]0' ri' r2' r3 , ... ] = 'I1'I11]o, "11 -~,' "12 -~2' "13 -~3, .. l~~"~~2'~~3<'''! 
(3.2.9) 
(3.2.10) 
A transfonuation of Eq. (3.2.10) is given in APPENDIX. The result is the following 
differential equation for dependence of viscosity of concentrated suspension, 1], on volume 
fraction of particles "1 
(3.2.11) 
Solution of Eq. (3.2.11) should satisfy boundary condition, which follows from Eq. (2.5) 
1](0) = 1]0' (3.2.12) 
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Let us introduce the followmg averaged values 
- -LA, 1. L 1 •. _ 1. 
A = ..::<=,,-1 __ - - .!.:.=::!.I-::-__ 
, 'Ymax =-- _ (3.2.13) 
L1. L1 . 
• =1 ,=) 
which are an averaged resistance coefficient and averaged packmg density of all clusters. 
Using Eq. (2.3) and definition of r _ (according to Eq. (3.2.13)) we can conclude 
- y Ymax =-_-, or fr. = _r . Substitution of the latter expressIOn and (3.2.13) into Eq. 
.=1 rmax Lr. 
,=) 
(3.2.11) results in 
(3.2.14) 
Let us assume that A is independent of volume fraction 1. In this case the latter equation 
takes the following form 
or 
dq = 2.SqA d( r: t -t: d( r: ) 
dy dr I_L dy 
rmu 
_dq = 2.SqA d( r: ) 
I_L dr 
rmu 
dy 
With boundary condition (3.2.12). 
(3.2.15) , 
It is important to emphasise that r mu is not assumed to retain a constant value, independent of 
volume fraction 1. 
Solution of Eq. (3.2 IS) with boundary condition (3.2.12) is 
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11('Y) = __ 1_~ 
( 
Y )25A 
1--
1 .... 
110 
(3.2.16) 
Eq. (3.2.16) almost coincides with Dougherty-Kneger's equation (Krieger, I.M., Dougherty, 
T.J., 1959), (Krieger, I.M., 1972), (Batchelor G.K, 1952) 
11(r) 1 
q;= ( y )(qlr_, 
1--
Y .... 
(3.2.17) 
where [11] is an intrinsic viscosity. However, it is important to emphasize that Ymax in equation 
(3.2.16) is constant, whereas y .... can not be. 
lt is easy to conclude that Eqs. (3.2.16) and (3.2.17) coincide if we adopt 
Ymax =Ymax' [11]= ~5A . y""", 
It is necessary to stress here that in spite of a striking sinulanty of Eqs. (3.2.16) and (3.2.17) a 
physical meaning of parameters included in Eq. (3.2.16) is quite different from those used in 
Eq. (3.2.17). According to the theory developed above viscosity dependence on volume 
fraction is connected with cluster formation and this physical phenomenon is incorporated 
into Eq. (3.2.16). 
If particles do not form clusters, that is, YI = r; y, = 0, i = 2,3,4 •... and, hence, 
Y max = A = 1 should be adopted in Eq. (3.2.16), which gives 
11('1) 1 
110 (l_yY5' (3.2.18) 
The latter equation coincides with earlier obtained solution for the same case (3.2.8, 3.2.9): 
suspension of particles, which do not form clusters. 
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3.3 Comparison with known experimental data 
A comprehensive review of experimental data on viscosity of concentrated suspensions is 
presented in (Thomas, 1965). In Figure 3.1 comparison of experimental data with predictions 
according to Eq.(3.2.18) (curve I), and Eq. (3.2.16) (curves 2-4) is presented. Experimental 
points used in Figure 3.1 are specified in ref. (Thomas, 1965». Figure 3.1 shows that the 
whole array of experimental data can be descnbed using Eq. (3.2.16) at different parameters 
1'max and A: curve 4 ( 1'max =0.56, close to a simple cubic packmg density; A = 0.72); curve 3 
(1' .... = 0.65, close to a cubic centered packing density; A =0.67), curve 2 <r .... = 0.73, close 
to hexagonal packing density; A = 0.61). 
3.4 Results and discussion 
Yeast suspensions at different low volume fraction were observed under microscope by 
Meireles and Molle (Starov, Zhdanov, Meireles, Molle, 2002). Results are presented in Figure 
3.2 (a, b, c). All used volume fractions are low enough (y=O.OO2 in Figure 3.2a) and (y=O.02 
and y=O 04 in Figures 3.2b and 3.2c, respectively). It is usually assumed at theorellcal 
considerations that suspensions are monodisperse at such low volume fractions, which is in an 
obvious contradiction with Meireies, Molle observations. 
Figure 3.3 presents comparison of the measured relative viscosity versus volume fraction of 
yeast suspension (points) and theoretical Eq. (3.2.16) (solid line, fitted parameters are 
1' .... =0.73 and A =1). 
According to our derivation parameters 1'max and A are complex functions of (a) interparticle 
interaction potential, (b) hydrodynamic interactions between clusters. Both interactions are 
unknown in the case of yeast suspensIOns. In spite of this a reasonable agreement with 
experimental data is achieved using fitting procedure with these two parameters. 
Here we investigate on an empirical level the influence of applied shear stress on the viscosity 
of concentrated suspensions. Our consideration is based on the experimental data presented in 
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(Krieger,-Dougherty, 1959), which are summarised in Table 3.1. It is important to emphasise 
that below 1""" is assumed to retain a constant value, independent of volume fraction y. 
However, both A and 1""" can be functions of applied shear stress, "to Below both parameters 
A and 1""" are treated as function of shear stress only, that IS, they are assumed independent 
of particle volume fraction. 
Two experimental values of the effective viscosity of suspension at particle volume fractions 
Y = 0.299 and Y = 0.6017 (the highest and the lowest available, respectively) at the fixed 
shear stress, "t, from Table 3.1 are used to find two unknown values, A and 1 mo,. This 
procedure results in the system of two equations with two unknowns, 1""" ("t) and A(t). In 
this way at each shear stress, "t, these two dependencies were determined. Determined in this 
way dependencies 1""" ("t) and Ah) are presented in Figures 3.5 and 3.4, respectively. Figure 
3.5 shows that averaged packing denSity inside clusters, 1""" ("t) , increases with applied shear 
stress, that IS, clusters become more dense. In this situation the averaged fnction coefficient, 
A , should increase, which is in the agreement With Figure 3.4. 
Now Eq. (3.2.16) can be rewritten as 
TJ(Y, "t) 
TJo 
1 (3.2.19) 
(
1 y )25A«) . 
y"",,("t) 
Determined above 1""" ("t) and A(t) dependences are used for calculatIOn of TJ(y,"t) at all 
shear stresses, "t, and all volume fractions, y. Calculated viscosity according to Eq. (3.2.19) is 
compared with the experimental values of y from the set of values {0.397, 0.4398, 0.4876, 
0.5390,0.5603,0 5866) in Table 3.1. Comparison is presented in Figure 3.6, which shows 
that the assumed independency of 1""" ("t) and Ah) from the volume fraction of particles is 
reasonably satisfied. 
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3.5 Conclusions 
A new method is suggested for derivation of viscosity dependence on a volume fraction of 
dispersed particles taking into account cluster formation. We assume that viscosity of 
concentrated suspension is completely determined by cluster size distribution, no matter if 
clusters form under the action of colloidal, hydrodynamic interactions or shear stress. Based 
on this assumption an equation, which describes dependency of viscosity on a volume fraction 
of dispersed particles taking into account cluster formation, is deduced. Under special 
restrictions the deduced dependency coincides with the well-known Dougherty-Krieger's 
equation except for a clear physical meaning of entering parameters. Our consideration shows 
that Dougherty-Krieger's equation has deeper phYSical background than it has been supposed 
earlier. Comparison of the deduced equation with available experimental data on the 
dependency of the viscosity of concentrated suspensions on the volume fraction of particles 
shows the good agreement and reasonable fitted parameters. Meireles, MoIIe's observations of 
yeast suspensions prove a presence of clusters even at Iow volume fractions of dispersed 
particles. Viscosity dependency of yeast suspension on the volume fraction of yeast particles 
is in a good agreement with the deduced theoretical equation and gives reasonable value of 
parameters. The deduced equation IS applied to the viscosity on shear stress dependency, 
which again shows a reasonable agreement with experimental data. 
3.6 Appendix 
Everywhere below only first order terms are kept in the consideration. Using Eq.( 3.2.6) the 
right hand side ofEq. (3.2.10) can be transformed as 
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-+z.5LA '¥['P[TtO,'YI -~,,'Y2 -~2,'Y3 -~3"'.lo,o,o, .. ¥,}, = (3.6.1) 
.=1 
='P[TtO,'YI -~,,'Y2 -~2,'Y3 -~3, ... 1+z.5tA, 'P[TtO,'YI -~1,'Y2 -~2,'Y3 -~3'''¥~' = 
,=1 
-
='¥[Tto,'Y, -~I' 12 -~2' 13 -~3, .. 1+Z.5LA 'P[Tto, 1" 12' 13''''~~'' 
1=1 
Further transfonnation of right hand side ofEq. (3.6.1) keeping only first order tenns gives 
Usmg Eqs. (3.6.1) and (3.6.Z) Eq. (3.Z.IO) transfonns mto 
- - ;W Z.5~A, 'P[Tto, 1,,12' 1, , ... ~,}, - ~ ay, ~~, = o. 
Substitution of expressions for ~1;. from Eq. (3.Z.8) into the latter equation and collecting all 
tenns proportional to ~,}, gives 
00 a'P a'l' L -a r .--+2.5A.'I'=O, i=1,2,3, ... 
. 1 r· J a 'V. z J= J IZ 
Let Eq. (3.6.3) be multiplied by rJ and summarised over j=I,Z,3 ... this gives 
Substitution of the latter expression for ~ a'P r. into Eq. (3.6.3) gives 
. lay. J j= J 
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(3.6.4) 
It is obvIOUS that 
dT] _ ~ a'l' dr. 
--£.,,--, dr .=1 ar. dr 
where r is the volume fracture of particles. After multiplying of Eq. (3.6.4) by dr. and dr 
summation over i=1,2,3 ... Eq. (3.6.4) becomes 
-
L2.5A/y} 
2.5A. +)=1 _ 
l-L'Y} 
J=I 
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Relative viscosity as a function of volume fraction of dispersed 
Expenmental points from review (Thomas, 1965), solid lines according to 
Eq.(3.2.16) with different values of r""", and A 
curve I 
curve 2 
curve 3 
curve 4 
r""", =1, A =1 (particles do not form clusters) 
r ""'" =0.73 (close to hexagonal packing of particles inside 
clusters), A =0.61 
r mm< =0.65 (close to cubic centered packing of particles inside 
clusters), A =0.67 
r""", =0.56 (close to simple cubic packing of particles inside 
clusters), A =0.72 
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Figure 3.2a Yeast suspension, volume fraction 0.002 
(M. Meireles, C. Molle) 
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(M. Meireles, C. Molle) 
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Figure 3.2c Yeast suspension, volume fraction 0.04 
(M.Meireles, C.Molle) 
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Figure 3.3 Comparison of measured (M.Meireies, C.MoUe) and 
predicted relative viscosity on the volume fractIon of yeast 
suspension. Solid curve according to Eq.(3.2.16). FItted parameters 
are Ymax =0.73 and A =1. 
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Table 3.1 Experimental dependence of the effective viscosity of butadiene-styrene latex 
o 
suspensions. Average particle diameter was 1390 A (Moron, and Fok, 1955» 7]'ff /7]0 on the 
shear stress (1: dyneslcm2) at different values of volume fraction of the particles, r. From 
(Krieger, and Dougherty, 1959) 
r=0.299 r=0.397 
't=50 3.293 6424 
't=loo 3.218 6.081 
't=2oo 3.157 5802 
't=3oo 3.132 5689 
't=5oo 3110 5607 
't=8oo - -
r=0.5603 r=0.5866 
't=50 10707 404.10 
't=loo 71.18 208.78 
't=2oo 52.20 122.21 
't=3oo 45.39 96.58 
't=5oo 3915 79.28 
't=8oo 3480 68.01 
r=0.4398 
9879 
8993 
8363 
8082 
7.790 
7.597 
r=0.6017 
10893 
464.0 
241.8 
1769 
1312 
105.3 
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r=0.4876 
17.18 
15.17 
13.44 
12.70 
12.03 
1166 
r =0.5390 
5220 
4002 
31.55 
27.96 
2451 
2198 
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Figure 3.4 Dependence of average parameter A on applied shear 
stress't. 
64 • • Loughborough 
., University 
VIscosity of concentrated suspensIOns and propertIes of porous medIa 
Ym", 
0,650 
0,645 
0,640 
0,635 
0,630 
0.625 
0,620 
0,615 
O,610+-~--r-~-..-~--.--~-r-~-"'T'""~ 
o lOO 200 300 400 500 
t 
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Figure 3.6 Dependency of the effective viscosity of suspensions on 
shear stress calculated accordmg to Eq. (32.19) at different particle 
volume fractions. Experimental data from (Dougherty, Krieger, 
1959). A(t) and r .... {t) dependencies from Figure 3.4, 3.5, both 
assumed independent of the volume fraction of particles. 
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LIST OF SYMBOLS 
a 
v 
v. 
n, 
Greek letters 
radius of particle 
volume of suspension 
volume of clusters containing i particles 
number of clusters containing i particles in the suspension 
friction coefficients 
l] viscosity 
v volume of particle 
'Y volume fraction of particles 
'Y"max packing density of single particles inside the clusters containing i partIcles 
'I' function defined by Eq, (3,2.4) 
t shear stress 
Subscnpts 
max 
mdex With natural values 
paclang density in clusters 
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Chapter 4 VISCOSITY OF EMULSIONS: INFLUENCE OF FLOCCULATION 
4.1 Introduction 
At the small volume fraction of droplets, 'Y, an effective viscosity of emulsion is 
given by the relation suggested by (Sir G. I. Taylor, 1932) 
Tt = '110(1 + 2Tto + 5Ttd 'Y} 
2Tto + 2Ttd 
(4.1.1) 
where Tto is the viscosity of the continuous liquid, Ttd is the viscosity of the liqUId, 
which forms droplets, and Tt is the effective viscosity of the emulsion. Eq. (4.1.1) is 
valid for very dilute emulsions, that is, ,,«<1. 
The hydrodynamic interaction between the neighboring droplets has been taken into 
account by (Choi, and Schowalter, 1975) and (Yaron, and Gal-Or, 1972) based on a 
cell model. Theoretical models presented in (Choi, and Schowalter 1975) and (Yaron, 
and Gal-Or, 1972) based on an assumption that dispersed droplets do not form 
clusters (flocks). 
Starting from Tailor's Eq. (4.1.1) and using the concept of the mean field 
approximation, (Ph an-Thlen, and Pham, 1997) have deduced an equation, which gives 
dependence of the effective viscosity of concentrated emulsions on the volume 
fraction of droplets, y. 
(4.1.2) 
According to the theory developed in (Phan-Thien, and Pham, 1997) droplets do not 
form clusters either. Eq (4.1.2) agrees With experimental data only at a sufficiently 
low volume fraction of droplets. 
A further step in the investigation of rheology of emulsions has been undertaken ID 
(Pal, 2000) and an equation has been deduced, which descnbes reasonably well 
available expenmental data. To deduce the final equation the author assumed that 
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droplets are covered with a layer of surfactant molecules (Pal, 2000). The latter means 
that the effective volume of a smgle emulsion droplet is increased by a factor K> 1. 
Using K as a fitting parameter, (Pal, 2000) have deduced an equation wluch agrees 
much better with available experimental data, than Eq. (4.1.2): 
(4.1.3) 
In Eq. (4.1.3) K denotes a hypothetical increase in the effective volume of single 
droplets and has been used as a fitting parameter to fit experimental data. It has been 
found (1) that K should vary between 1.166 and 2.070 for different emulsions to fit 
experimental data on viscosity of concentrated emulsions. 
If a droplet of radius a is covered by a layer of surfactant molecules of tIuckness H 
then the new volume of the droplet IS -a + 47ta H = -a 1 + - . The latter . 47t 3 2 47t 3( 3H) 
3 3 a 
means: K = 1 + 3H. The thickness of the layer on the droplet surface can be 
a 
K-I 
expressed now as H = a--. If we use K values from (Pal, 2000), then the latter 
3 
expression shows that the thickness, H, should range from 0.055 a to 0.357 a. If we 
adopt the drop radius a - 11l11l for estimations then H should range from 550 A 
(which is ten times of the size of SDS micelles) to 3570 A. If the droplet radius is 
bigger than 1 pm, then the thickness of the adsorbed layer would be even bigger. If 
droplet surfaces were covered with such a tluck layer then their surfaces would be 
completely immobilised and the dependency on the viscosity of the liquid inside 
droplets would disappear. 
This estimation shows that in spIte of a very good agreement WIth experimental data 
the derivation ofEq. (4.1.3) suggested in (Pal, 2000) should be reconsidered. 
That is why we decided to look at the same problem from a different point of view. 
Our consideration below is based on our new method. 
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In emulsions dispersed droplets form doublets, triplets and higher clusters under the 
action of colloidal, hydrodynamic and/or an appbed shear (Selomulya, Arnal, Bushell, 
and W rute, 200 1). These forces determine both a structure and a size distribution of 
clusters. We assume that viscosity of concentrated emulsions IS determined by cluster 
size distribution, no matter If clusters are formed under the action of COllOIdal, 
hydrodynamic interactions or an applied shear. Based on this assumption an equation, 
whIch descnbes dependency of an effective viscosity of emulsions on a volume 
fraction of dispersed droplets taking into account cluster formation, is deduced. 
4.2 Influence of cluster formation on viscosity of flocculated emulsions 
Let us consider an emulsIOn of volume V and the volume fraction of droplets 'Y, 
where 
V 
"(= ~ , (4.2.1) 
Vd is the total volume of droplets in the volume V. Let n,. i = 1.2,3, ... be a number of 
clusters in the volume V with corresponding number of single droplets and 
"( •. "..,., i = 1,2,3, ... be an averaged packing density of single droplets inside clusters of 
the correspondmg size. nl is a number of "clusters of size 1", that is, single droplets, 
hence, "(I,max = 1. 
Volume fraction of clusters with i single droplets can be written as 
V "(,=~ in, VI '-123 , I - , , ,... , 
V"(""..,. 
(4.2,2) 
where V, is the total volume of clusters containing i droplets, VI is the volume of a 
single droplet. 
The following mass conservation condition is satisfied: 
-L "(,"("max= "(. (4.2.3) 
1=1 
It is assumed below that the effective viscosity of emulsions is determined by the 
cluster size distribution, that is, can be described by the following dependency: 
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4.2.4) 
If all volume fraction of clusters. 1,. i = 1.2.3,4 •...• are zero. the emulsion consists 
only of the initial liquid and Eq. (4.2.4) gives: 
170 = '¥ (170.0,0.0, ... ) , (4.2.5) 
which is used below as an initial condition. 
Each cluster is considered below as a new effective droplet with the effective 
viscosity of "the inner liquid". 17,. i = 1.2.3.4 ...• which are determined below. 
If the volume fraction of droplets. 'Y. is small then all 1, are also small and Eq. (4.2 4) 
can be rewntten as 
(4.2.6) 
where 17,. i = 1.2.3 •... are effective viscoslties inside cluster of the corresponding size. 
Eq. (4.J.J) (derived by Tailor. 1932) is used for the last step in Eq. (4.2.6). In the case 
of single droplets 17, = 17d' 
Let a small amount of clusters. &t, «n,. i = 1.2.3, ...• be marked randomly in the 
whole volume of the emulsion. V. Now the emulsion can be considered as a mixture 
of the marked clusters surrounded by the rest of the emulsion. which includes only 
non-marked clusters. Volume fractions of the marked clusters • .1.l}" i = 1.2 •...• are 
A •• =.1.V. . 123 LlV, V. 1=, • •..•• (4.2.7) 
Volume fractions of non-marked clusters In the rest of the emulsion are 
1, - .1.~, V. - .1. V. . i = 1.2,3.... . 
V- ,~>V. 
J=I 
Keeping only first order terms in the latter equation we conclude: 
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-
V, -av, 
al'). - 'Y.2,al'), _ 
-v-2,av, 
---'<.;;.=I'----=M.-y.2,M" ;=1,2,3, .... (4.2.8) 
1-2,al'), ,=1 
,=1 J=l 
Marked clusters are surrounded by the rest of the emulsion (With non-marked 
clusters), which has the effective viscosity '1'[110' 'YI -a~1> 'Y2 -a~2' 'Y3 -a~3""], where 
small volume fractions LI~. ;=1,2,3, ... are given by Eq. (4.2.8). Hence, the effective 
viscosity of the emulsion can be expressed in two different ways: accordmg to Eq. 
(4.2.4) and considering the emulsion as a mixture of the marked clusters surrounded 
by the rest of the emulSIOn with non-marked clusters: 
11 = '1'['1'[110' YI -a~I' Y2 -a~2' 'Y3 -a~3,· .. lMI,M2,M3'''.J (4.2.9) 
Right hand sides of Eqs. (4.2.4) and (4.2.9) should be equal, this gives an equation for 
the determination of the effective viscosity: 
'1'[1]0' f/ll' f/l2' f/l3''''] = 'I{'I{llo, Yi -~, 'Y2 -~, Y3 -~, .. lal')l,al')2,al')", .. J (4.2.10) 
Transformations of Eq. (42.10) are given in the APPENDIX A. It is necessary to 
notice that no further assumptions are made in the course of transformations of Eq. 
(4.2.10) in the APPENDIX A. 
The result is the following differential equation for the determination of the effective 
viscosity of concentrated emulsions, 11, on the volume fraction of droplets, 'Y : 
! 211+ 511, 
_dT\! = ! .=2211..;..+.=.511:.!!.. + ..1;.'=::.1_ 'Y'_2_11:-.+_2_11:.L' 
dy 11 .=1 211 + 211. 1-! 'Y, 
J=l 
(4.2.11) 
Solution of Eq. (4.2.11) should satisfy the following boundary condition, which 
follows from Eq. (42.5): 
11(0) =110' (4.2.12) 
The only unknown values left are the effective viscosities inside clusters, 
11., ; = 2,3, ... , which are determined below. 
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Let us consider a cluster containing i droplets (i=2.3 •... ) with the packing density 
"I.,mu . The effective viscosity. 17., i = 2,3, ... inside this cluster can be calculated 
using the mean field approximation according to Eq. (1.7.4) (Phan- Thien and Pham, 
1997): 
21. 2lli + 5lld = (1- )-1. 
( )
'1/5 [ ]3/5 
2n + 2n 'Y •. max llo . 10 • td (4.2.13) 
Dependency of the effective viscosity of emulsion on volume fraction of droplets is 
descnbed by the system of two Eqs. (4.2.11) and (4.2.13). In order to solve these 
equations the following dependences should be determined 
r.(r.s). r .. max (r.s), i = 1,2,3,... , (4.2.14) 
that is, the cluster size distribution and the packing density inside clusters as functions 
of the volume fraction of droplets, 'Y, and the applied shear rate, s. It is worth 
noticing that Eqs. (4.2.11), (4.2.13) describe not only dependence of the effective 
viscosity of emulsions on the volume fraction of droplets, 'Y, but also on the applied 
shear rate. s. 
Fortunately. consideration can be substantially simplified In two limiting cases: (i) a 
developed flocculation, (ii) a low flocculated emulsion. 
4.3 Developed flocculation 
It is assumed that an emulSIOn consists mostly of flocks, that is, single droplets either 
completely disappeared or their volume fraction is negligibly small. Hence: 
(i) rl = 0 and probably volume fraction of "low sized clusters" doublets, 
triplets may be also neglected. 
The following assumption looks like a reasonable approximation in the case when 
only big clusters are presented in the emulsion 
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(ii) all clusters have the same packing density, 'Y., .... = 'Ym' where 'Ym now is an 
averaged packing density of single droplets inside any cluster. 
Assumption (ii) allows a considerable simplification of the calculations below. 
According to assumptions (i)-(ii) Eq. (4.5.3) can be rewntten as 
(4.3.1) 
According to assumption (Ii) we conclude from Eq. (4.2.13) that effective viscoslties 
inside all clusters are identical and determined accord to the following equation.: 
where 'I1c is an averaged effective viscosity inside clusters. 
The latter equation can be rewritten as 
3/5 
2 'I1c + 511d 
'110 '110 
2+5 'I1d 
'110 
(4.3.2) 
Eq. (4.3.2) shows that the relative effective vIscosity inside clusters, 11c , IS a function 
110 
of the packing density inside clusters, 'Ym' and the Viscosity ratio, F = 11d • 
110 
Two limiting cases can be immediately found using Eq. (4.3.2): high viscosity ratio 
F = 11d »1, which corresponds to the case, when the liquid inside the droplets is 
110 
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either much more viscose than the outer liquid, or when the surface of the droplets is 
completely immobilized by the presence of adsorbed surfactantslpolymers; and low 
viscosity ratio, F = 17d «1, which corresponds to the case of a low viscosity liquid 
110 
inside the droplets or bubbles. In the first case, F» 1 we conclude from Eq. (4.3.2): 
(4.3.3) 
In the case F«I, using Eq. (4.3.2): 
(4.3.4) 
Dependence of the relative effective vIscosity inside clusters, 17< , according to Eq. 
17. 
(4.3.2) on the packing density inside clusters, Ym' at different values of the viscosity 
ratio, F = 17d , is presented in Figure 4.1, which shows the mfluence of the viscosity 
17. 
ratio on the effective viscosity inside clusters. 
Eqs. (4.3.1)-(4.3.2) show that Eq. (4.2.11) can be rewntten now as 
511< + 211 
211< +211 
l-y/Ym 
(4.3.5) 
It is worth noticing that the averaged packing density of droplets insIde clusters, 
Ym(y,!;), can be stilI a function of both the total volume fraction of droplets, $, and the 
applied shear rate, S. The latter dependence, Ym(Y,s), determines in its turn the 
effective viscosity inside clusters accordmg to Eq. (4.3.2). 
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Eq. (4.3.5) can be integrated using boundary condition (4.3.12), which gives 
~ 211+ 511c = l-.l ( J2f5[ ]3/5 ( )-1 110 2110 + 511c 'Y m • (4.3.6) 
Eqs. (4.3.2), (4.3.6) give the system of two algebraic equation for the calculation of 
the dependence of the effective viscosity of emulsions, 11, on the volume fraction of 
droplets, 'Y, with one fitting parameter, "fm' which is an averaged packing density of 
individual droplets inside clusters. The latter means, if the dependency of the 
averaged packing denSIty inside clusters is specified then system of Eqs. (4.3.2), 
(4.3.6) gives the dependence of the effective viscosity of emulsIOns on both the 
volume fraction of the droplets, 'Y, and the applied shear rate, S • 
Eq. (4.3.6) is similar to that deduced in ref. (Pal, 2000), however, has a completely 
different physical interpretation. Eq. (4.3.1) from ref. (Pal, 2000) is rewritten below in 
the following form 
1 (4.3.1 ') 
where "f m = 1/ K. This transformation of the latter equation makes it easier the 
comparison with our calculations of the effective viscosIty according to our Eqs. 
(4.3.2), (4.3.6). FIgure 4.2 shows the comparison of the calculated effective viscosity 
of emulsions according to Eq. (4.3.1 ') and our Eqs. (4.3.2), (4.3.6) at dIfferent 
packing densities inside clusters, "fm' and viscosity ratIo F = 11d • This comparison 
110 
shows that at low F (below F=10) dependences calculated according to our theory is 
higher than the corresponding viscosity calculated according to Eq. (4.3.1 ') (Figure 
4.2a). At F=JO our calculations almost coincIde with calculations accordmg to Eq. 
(4.3.1 ') (Figure 4.2b); at F>10 our calculations give the lower effective viscosity than 
Eq. (4.3.1 ')(Flgure 4 2c). 
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4.4 Low f/occulated emulsion, transition to develop flocculation 
In this case the emulsion includes both single droplets as well as doublets, triplets and 
other "low sized clusters". 
Bellow the following simplifying assumption is adopted: 
• AIl clusters starting from doublets have the identical packing density, tAn, 
which is independent of the volume fraction of droplets. This means: 
YI ..... = I, Y2 ..... = Y3 ..... = Y ...... = ... = Ym . 
Under this assumption we conclude: 171 = 17d' 172 = 173 = 174 = ... = 17c ' where TIc is 
calculated according to Eq. (4.3.2). 
Eq. (4.3.3) can be rewritten now as 
-
Ly. =yhm-Ylhm' (4.4.1) 
.=2 
The latter equation shows that 
fdy. =_1 (I-dyl) 
.=2 dy Ym dy 
(4.4.2) 
Eq. (4.3.1) can be written now using Eqs. (4.3.7), (4.3.8) as 
Effective viscosity, TI, of a low flocculated emulsion can be calculated using Eqs. 
(4.4.3), (4.3.2) with the initial condition (4.3.12). 
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In order to solve Eqs. (4.4.2) and (4.4.3) the following dependencies should be 
known: the averaged packing density inside clusters. 1m(s). and the dependency of 
the volume fraction of smgle droplets. 11 (1.s). 
In the case of developed flocculation the volume fraction of single droplets can be 
neglected. that is. 11 = dyl =0. In this case Eq. (4.4.2) transforms into Eq. (4.3.5). 
dy 
which has been deduced for the case of the developed flocculation. If droplets do not 
form clusters. that is 11 = 1. dyl = 1. 1m = 1. then Eq. (44.3) after some 
dy 
transformation gives solution (1.7.4). The latter consideration shows that Eq. (4.4.3) 
gives the effective viscosity of concentrated emulsions in both limitmg cases. of the 
developed flocculation and when droplets do not form clusters at all. as well as in all 
intermediate cases. 
That is the problem now is to calculate 11 (1) dependency. which should be used in Eq. 
(4.4.3). 
11 (1) dependency is calculated below under the following simplifymg assumptions: 
• cluster formation goes via exchange by single droplets and this exchange goes 
by one droplet at the time; 
• only an equilibrium cluster distribution is considered with no imposed shear. 
Details of calculations are presented in the APPENDIX B, where dependency 
YI (y) is given by Eqs. (4.7.11)-(4.7.12). 
4.5 Discussion and comparison with available experimental data 
In Figures 4.5a and 4.5b the dependence of the relative viSCOSity. 11/110. on the relative 
volume fraction of droplets. ']IYm. IS presented. Curves 2-7 are calculated according to 
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Eqs. (4.2.2), (4.4.3), (4.7.11), (4.7.12) at two different viscosity ratio, F =T]d/TJo' and 
characteristic volume fractions of doublet formation, "f *, ranging from 0.01 to 1. Two 
additional curves are presented on Figures 4.Sa and 4.5b for comparison: curve 1 
according to Eq. (4.3.6) (highly flocculated emulsion), and curve 8 according to Eq. 
(1.7.4) (no flocculation at all). 
The following conclusions can be drawn using Figure 4.5 are as follows: 
• All viscosity dependences, 11/110, on the volume fraction, "fIYm, are situated in 
between two limiting cases: the developed flocculation case (curve I) and 
non-flocculated emulsion (curve 8). In the case of developed flocculation the 
effective viscosity is the highest possible viscosity of emulsIOns. The region 
between two limiting cases decreases with the viscosity ratio increase: 
compare Figure 4 Sa (the viscosity ratio F=TJrlTJd= 0.01) and Figure 4.Sb (the 
viscosity ratio F=TJrlT]d=lOO). 
• At fixed volume fraction of droplets, y, the effective viscosity increases with 
degree of flocculation. Non-flocculated emulsion show the lowest viscosity at 
the same volume fraction of droplets. 
• If the characteristic volume fraction, r", (the characteristic volume fraction of 
doublet formation) becomes very small, the effective viSCOSity of emulsions 
tends to the dependence in the case of the developed flocculation in the whole 
range of the droplet volume fraction, y. This result has a clear physical 
meaning, because a degree of flocculation is obviously increases at any fixed 
volume fraction, r. if the characteristic volume fraction of doublet formation, 
r", decreases (more clusters are present in the emulsion). 
In general Eqs. (4.3.2), (4.4.3) describe the whole range of pOSSible situations: from 
non-flocculated emulsions (YI = Y) to the case of the developed flocculation (YI = 0). 
In Figure 4.6 the comparison of calculations according to Eqs. (4.3.2), (4.4.3) with 
experimental data from (Pal, 2000) is presented. All the relevant charactenstics of 
emulsions under investigation are taken from (Selomulya, G., Amal, R., Bushell, G., 
and Waite, 2001), and give in the Table. 4.1. Comparison shows very good agreement 
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between our theory predictions and presented experimental data on viscosity of 
concentrated emulsions. 
According to the microscopy observations clusters (doublets, triplets and so on) start 
to form in milk at the volume fraction of fat above 0.2 (Kosvmtsev, Holdich, private 
communication). That is, the characteristic volume fraction of doublet formation in 
nulk, r, is in the range 0.2-0.3, hence, is sufficiently Iugh. The latter means that 
cluster formation in nulk is not highly developed in the volume fraction range from 0 
to 0.4. For this reason milk has been selected for comparison with our calculations 
accordmg to Eqs. (4.4.3), (4.3.2) using Eqs. (4.7.11)-(4.7.12) (low flocculated case) 
with experimental data from (Leviton, A, and Leighton, A., 1936). In Figure 4.7 two 
theoretical curves are presented: curve 2 is calculated according to Eq. (1.7.4) (no 
cluster formation) and curve 1 is fitted to expenmental data (Leviton, A, and 
Leighton, A., 1936) using Eqs. (4.4.3), (4.3.2) and Eqs. (4.7.11)-(4.7.12), that is, 
taking into account cluster formation. Two fittmg values are the packmg denSity 
inside clusters and the characteristic volume fraction of the doublet formation, Ym and 
r, respeclively. The comparison shows that the curve 2 undereslimates the measured 
viscosity (Leviton, and Leighton, 1936). Accordmg to our theory the discrepancy is 
attributed to the cluster formation. The fitted values of the packing density inside 
clusters and the charactenstic volume fraction of the doublet formation are as follows: 
y,.=O.663 (close to the cubic centered) and r=0.395. The latter value shows that the 
maximum clusters formation occurs at 0.75*0.395=0.296, which is in a reasonable 
agreement with the microscopy observalions. 
4.6 Appendix A 
Transformations of Eq. (4.2.10) 
Everywhere below only first order terms are kept in the calculations. The right hand 
side of Eq. (4.2.10) can be transformed as: 
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(4.6.1) 
+ t a'l'['I'[T]o, 11 - il~I' 1, ~ il~~" 13 - il~3,···10,0,0, ... ] il~,. 
0=1 il , ~J=O 
Transfonnation of the derivatives in the right hand side of Eq. (4.6.1) taking into 
account Eq. (4.2.6) gives 
a'l'['I'[T]o, 11' 1" 13,··.lMI ,M"ill'}3'···] 
aM, 
= 
2'1'[T]o,11' 1" 13'···]+ ST], m[ ]_ 2T] + ST], 12,3 
[ ] 
T T]o,11,12,13' ... - T], i=, , .... 2'1'T]o,11,1,,13'··· +2T], 2T] + 2T], 
Using Eq. (4.2.S) we conclude that 
(4.6.2) 
t a'l'['I'[T]o, 11 -il~I' 1, -il~" 1, - il~3, ... 10,0,0, ... ] = a'l'[T]o,11' 1" 13' ... ] . (4.6.3) 
0=1 ail~, ~J=O ay, 
Using Eqs. (4.6.1), (4.6 2) and (4.6.3) Eq. (4.2.10) transfonns into 
t 2T] + ST], T] ill'}, - :t a'l' il~, = o. 
,=1 2T] + 2T], ,=1 ay, 
Substitution of expressIOns for ill;. from Eq. (4.2.11) into the latter equation and 
collecting all tenns proportional to ill'}, gives 
After Eq. (4.6.4) is multiplied by 1, and summansed over i=1,2.3 ...• we arrive to: 
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Substitution of the latter expression for ~ !: y into Eq. (4.6.4) gives 
j=I V r j J 
It is obvious that 
~ 211 + 511J 
£.J 2 2 Tl'YJ 211+ 511, 11+ J=I 11+ 11J 
211 + 211, 1-:t YJ 
d11 = :t iNI ay, 
ay ,=1 <fr, dy' 
J=I 
(4.6.5) 
After Eq. (4.6.5) is multiplied by d'y, and summarised over i=1,2,3 ... Eq. (4.6.5) 
ay 
becomes 
(4.6.6) 
which is the first order differential equation for the determination of the dependency 
of the effective viscosity of emulsions on the volume fraction of droplets. 
4.7 Appendix B 
Equilibrium cluster size distribution 
It is assumed below that the emulsion includes single droplets as well as doublets, 
triplets and other "low sized clusters". We assume that the formation of doublets as 
well other cluster is determined by exchange by single droplets and this exchange 
goes by one droplet at the time. 
Only an eqUilibrium cluster distribution is considered below, that is no imposed shear 
is considered. 
82 •• Loughborough 
... University 
VIScosIty of concentrated suspensIOns and propertIes of porous medIa 
Let nl be a number of initial droplets, n" i=2, ... be a number of doublets, triplets and 
higher clusters in the volume V, where i is a number of single droplets in a cluster. All 
possible events with a cluster of size i=2,3,4,... are as follows: 
• connection of a single droplet to a cluster of i-1 size, which results in an increase 
ofn,; 
• disconnection of a single droplet from a cluster of size i+ 1, which results in an 
increase of n, ; 
• disconnection of a single droplet from a cluster of size i, which results in a 
decrease of n,; 
• connection of a single droplet to a cluster of size i, which results in a decrease of 
n,. 
Taking all these events into consideration the following system of equations can be 
deduced 
, i=2, 3, ... , (4.7.1) 
where B and A are connectIOn and disconnection rates of a single droplet to and from 
the cluster, respectively. Both rates are detennined by the colloidal and hydrodynamic 
interaction of a single droplet with one of the droplet in the cluster and are assumed 
independent of the cluster size i . 
The condition of the conservation of the total number of droplets reads: 
(4.7.2) 
where No is a fixed initial number of the single droplets in the volume V. 
The interaction between two droplets goes in the region of the closest contact, where 
flattening of the drop profiles may occur. In the case of equal size droplets the 
existence of a critical drop radius, acr ' is establIshed (4.2.12)-(4.2.14): If the drop 
radius, a, is smaller than acr ' then both "small" drops do not deform in the region of 
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their contact, that is they behave in the similar way to solid particles; if, however, the 
drop radius, a, is bigger than the critical value, a", then both "big" drops flatten in 
the region of their contact. The critical radIUS, a", is determined by the interplay 
between capillary force (which tends to make the drop shape spherical in the contact 
region) and disjoining pressure (which tends to flatten the interfaces) (Starov, and 
Churaev, 1982, 1983), (Churaev, and Starov, 1985) and the critical radius, am is III 
the range of 0.1-1 JlITl. This means that in the case of "small" drops (considered 
below) aggregation/disaggregation rates can be determined in the similar way to the 
case of rigid particles according to (4.7.3)-(4.7.4). 
Aggregation and dIsaggregation rates of small droplets, A and B, can be determined 
via shape of the interaction potential, c[J(h) (Figure 4.3), and the hydrodynamic 
retardatIOn (4.2.2). Aggregation/disaggregation process is detemuned by the potential 
of colloidal interactions between droplets, which has either the shallow primary 
minimum (Figure 4.3a) or the suffiCIently deep secondary minimum and the high 
potential barrier between the secondary and the primary minima (Figure 4.3b). The 
latter is assumed in order to neglect the aging of emulsions. 
Following the Smoluchowski type consideration (Russel, SavIlle, and Schowalter, 
1999), the aggregation rate, B, can be determined as 
B 4kT 
exp(<I>(r - 2a»dr ' 
r2m(r/a) 
(4.7.3) 
where m(r/a) is calculated in (Russel, SavIlle, and Schowalter, 1999) and describes 
the hydrodynamic retardation; ho is a distance between droplet surfaces there 
interaction potential tends to infinity, that is, ho = 0 in the case 3a (FIgure 4.3a) or ho 
= HItUU in the case 3b (Figure 4.3b); where le, T are the Boltzman constant and the 
absolute temperature, respectively. In the case 3b tPnuu »1 and it is possible to 
neglect the transfer of droplet over the potential barrier. 
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Disaggregation rate can be estimated using consideration presented in (Russel, 
SavIile, and Schowalter, 1999), which gives 
(4.7.4) 
In the case of "big" droplets deformation in the contact region should be taken into 
account and expressions for the aggregation/disaggregation rates become more 
sophisticated. 
Let a fraction of clusters of size i be introduced as f,=n/No (i=1,2,3, ... ), and a 
dimensionless volume fraction be determined as a= BNo =.1..., 
A y* 
A 
where "(*=-. If 
B 
r"<Y". then r" is a characteristic volume fraction of doublets formation (see below) 
However, if r"> Ym then r" is a parameter equal to the ratio of the 
association/dissociation rates. 
Using these notations system of Eqs. (4.7.1,4.7.2) takes the following form 
0= uf.-.fl + 1.+1 - f ,uf.f., i=2,3, ... , 
-I,il. =1. 
1=1 
Solution to system of Eqs. (4.7.5), (4.7.6) is 
1 f..= 
a+O.5+.Ja+O.25 ' 
a,-I 
I. = [a+O.5+.Ja+O.25), , i=2,3 .... 
(4.7.5) 
(4.7.6) 
(4.7.7) 
(4.7.8) 
We can conclude from Eq. (4.7.8) thatf" i=2,3, ... dependencies on ago from zero at 
a=O to zero at a ~ 00 via maximum value at 
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(4.7.9) 
and this maJumum value IS equal to 
""'" -4 (i-l)·-I 
!, - (i + 1)'+1 • (4.7.10) 
In the case i=2 (doublets) Eq. (4.7.9) gives: a;'" =0.75, or r;'"" = 0.75 1*. The latter 
presents the physical meaning of 1*: 1* is close to the volume fraction when the 
fraction of doublets reaches its maJl:1mum value. 
J,. i=l, 2, 3, ... dependencies according to Eqs. (4.7.7)-(4.7.8) are shown in Figure 4 4. 
It is worth reminding that ex. = 11"1 * is the dimensionless droplet volume fraction; that 
is, all dependencies on a present actually the dependencies on the volume fraction of 
the droplets. 
Volume fraction of clusters, y" i=1,2,3, ... , are related to the fractions of clusters, J" 
i=1,2,3 ... , in the following way: 1. =!,....!1...-, i = 1,2,3, .... Using the latter relation 
1 ...... 
and expressions (4.7.7)-(4.7.8) we conclude: 
11 0.5+111*+~0.25+111* ' (4.7.11) 
d"ll 2 1 
dy ~1 +4111* 1 + 2111*+~1 + 4111*' (4.7.12) 
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Figure 4.1 Dependence of the relative effective viscosity inside clusters, 7], , on the 
7]0 
packing density inside clusters, Y m' at different values of the viscosity ratio, F = 7]d , 
7]0 
accordmg to Eq. (4.3.2) 
1 according to Eq. (4.3.3), immobilised surface of droplets or high viscosity 
ratio F»1. 
2 F=l00 
3 F=lO 
4 F=l 
5 F=O.l 
6 according to Eq. (4.3.4), low viscosIty ratio, F«1. 
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0.1 0.2 0.3 0.4 0.5 0.6 0.7 
Figure 4.23 Comparison of the relative effective viscosIty of emulsions, 11'110, 
calculated according to Eq. (4.3.1') and our Eqs. (4.3.2), (4.32.6) at different 
packing density inside clusters, rm, and viscosity ratio F = 11d =0.0l. 
110 
Curve 1,3,5 (solid lines) according to Eqs. (4.3.2), (4.3.6). 
Curve 2,4,6 (broken lines) according to Eq. (4.3.1') (Pal, 2000). 
Curves 1,2, "{m = 0.739 (hexagonal packing) 
Curves 3,4, "{m = 0.679 (cubic centered) 
Curves 5,6, "{m = 0.524 (simple cubic) 
0.8 
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Figure 4.2b Comparison of the relative effective viscosIty of emulsions, l]/l]o, 
calculated according to Eq. (4.3.1') and our Eqs. (4.3.2), (4.3.6) at dIfferent 
packing density inside clusters, Ym, and viscosity ratio F = T7d =10 
110 
Curves 1,2, 'Y m = 0.739 (hexagonal packing) 
Curves 3,4, 'Ym = 0.679 (cubIc centered) 
Curves 5,6, 'Ym =0.524 (simple cubic) 
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Figure 4.2c Comparison of the relative effective vIscosity of emulsions, '11/'110, 
calculated according to Eq. (4.3.1') and our Eqs. (4.3.2), (4.3.6) at different 
packing density inside clusters, rm , and viscosity ratio F = 77d =1000 
770 
Curves 1,2, Ym = 0.739 (hexagonal packing) 
Curves 3,4, Ym = 0.679 (cubic centered) 
Curves 5,6, Ym = 0.524 (simple cubic) 
0.9 
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Figure 4.3a potential of interaction with a sufficiently shallow primary mimmum. 
Potential of colloidal interaction between droplets, t/J, against the closest 
separation between the droplet surfaces, h. 
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<I> 
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Figure 4.3b Potential of interaction with sufficiently deep secondary minimum 
and high potential barrier between secondary and primary minima. 
PotentIal of colloidal interaction between droplets, tP, against the closest 
separation between the droplet surfaces, h. 
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Figure 4.4 Dependencies of cluster fractions,.r., i=l, 2, 3, ... , according to Eqs. 
(4.7.7)-(4.7.8) on the dimensionless volume fraction of droplets, a. = y/'y*. 
Fractions of 
1 single droplets, 
2 doublets, 
3 triplets, 
4 quadruplets. 
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Figure. 4.5a F=O.Ol 
Dependency of the relative viscosltY,11/110, on the relative volume fracllon of 
droplets, Ylfn, rm =0.679 (cubic centered packing density inside clusters). Curves 
2-7 according to Eqs. (4.3.2), (4.4.3), (4.7.11), (4.7.12) at viscosity ratio, 
F=1Jd/1JO=O.OI, and six different characteristic volume fractions of doublet 
formation, 'Y * 
1 according to Eqs. (4.3.2), (4.3.6) (developed flocculation) 
2 'Y*=O 01; 
3 'Y*=O.I; 
4 'Y *=0.2; 
5 'Y*=O.3; 
6 'Y*=O.4; 
7 'Y*=I; 
8 accordIng to Eq (1.7.4) (no floccuiatlon). 
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Figure 4.Sb F=I00 
Dependency of the relative viscoslty;r\/Tjo, on the relative volume fraction of 
droplets, 'iy"" ]In =0.679 (cubIc centered packing density inside clusters). Curves 
2-7 according to Eqs. (4.3.2), (44.3),(4.7.11), (4.7.12) at viscosity ratio, 
F = Tfd ITfo =100, and six different characteristic volume fractions of doublet 
formation, y * 
I according to Eqs. (4.3.2), (4.3.6) (developed flocculation) 
2 y*=O.OI; 
3 y*=O.1; 
4 y *=0.2; 
5 Y *=0.3; 
6 Y *=0.4; 
7 y*=l; 
8 according to Eq. (1.7.4) (no flocculation). 
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Figure 4.6 
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.A3 
.. M 
+ 81 
x B2 
-THEORY 
10 
Solid line effective viscosity of emulsions on volume fraction of droplets 
according to Eqs. (4.3.2), (4.3.6) (developed flocculation). 
Symbols expenmental data from (Pal, 1992), (Pal, 2000). 
Sets A: experimental data from (Pal, 2000) 
Fitted values of the packing denSIty inside clusters, 1Pm: 
AI: 'Ym=0.826; 
A2: 'Ym=0.85; 
A3: 'Ym=0.825; 
A4: 'Ym=O 869. 
Sets B: experimental data from (Pal, 1992). 
Fitted values of the packing denSIty inside clusters, rm: 
Bl: 'Ym=O.695; 
B2: 'Ym=0.73. 
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Figure 4.7 
II 
llo 
10'---~--,---~--~--~----,---~--,---~ 
1~--~--~--~--~--~---L--~---L--~ 
0.0 0.1 02 03 04 
1 Experimental data from (Leviton, A, and Leighton, A., 1936) (mJik at 
dIfferent volume fractions of fat) are fitted according to Eqs. (4.3.2), (4.4.3). 
Fitted values:Ym =0.663, "(*=0.395. 1]c =11.674 calculated accordmg to Eq. 
(4.3.2) using the fitted valueYm = 0.663. 
2 According to Eq. (1.7.6) (in the absence of cluster formation). 
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LIST OF SYMBOLS 
Latin 
a radius of droplets 
A aggregation rate 
B disaggregation rate 
-y, volume fraction of clusters size i 
H, h thickness 
k the Bolzman constant 
K constant in equation (4.1.3) 
m retardation function (Eq (4.7.3» 
n number of clusters in the volume of emulsion, V 
N initial number of SIngle droplets in the volume of emulsion, V 
r radial distance 
T the absolute temperature 
V volume 
Greek 
ex=cjl/cjl* dimensionless volume fractIOn of droplets 
r shear rate 
cjl volume fraction of droplets 
cl> potential of colloidal interactions 
11 viscosity 
~~ introduced in Eq (4.2.8) 
~ tJ volume fraction of marked clusters 
'I' introduced In Eq. (4.2 4) 
Subscripts 
o dispersion liquid (continuous phase) 
d droplets 
number of single droplets in the cluster 
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max variable packing density inside clusters 
m averaged packing density inside clusters 
Superscripts 
* characteristic volume fraction of doublet formation 
max maximum value 
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Chapter 5 EFFECTIVE VISCOSITY AND PERMEABILITY OF POROUS MEDIUM 
BUILT UP BY SPHERICAL PARTICLES 
5.1 Introduction 
The effective properties of porous media built up by equal sized spherical particles are 
investigated In this Chapter. Flow inside porous medIUm is modelled using Brinkman's 
equations, which include two semi- empirical coefficients: an effective viscosity and a 
resistance coefficient (lIpermeability). Our new method is used to deduce the dependencies 
of these coefficients on both porosity and particle size. The deduced dependency of 
permeability on porosity is found to agree reasonably well with known dependencies, which 
have been deduced using computer simulations of flow in randomly packed porous media. 
Viscous flow of a liquid in a porous medium is frequently modelled using Darcy's equations: 
(5.U) 
where Ko IS the porous medium resistance coefficient (l!Ko is the porous medium 
permeability); 'Y is the particle volume fraction (<p = I - 'Y is the porosity); p and ii are the 
pressure and average velocity, respectively. Eq (5.1.1) should also be coupled with the 
incompressibility equation 
div U=O. (5.1.2) 
The dependency of the effective permeability l!Ko on the volume fraction of particles is 
considered in a number of publications (Adrover, and GlOna, 1996), (Bird, et al., 1960), 
(Foster, and Butt, 1966), (Katz, and Thompson, 1986), (Happel, and Brenner, 1965.). 
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Darcy's model suffers from a well-known disadvantage: it is impossible to match flows inside 
and outside the porous medium. To overcome this difficulty two different approaches have 
been suggested: a slippage at the boundary between flows inside and outside the porous 
medium (Beaverse, and Johns, 1967) and Brinkman's equations (Brinkman, 1952; 1947). In 
the first approach, an empirical slippage coefficient is defined, whereas in Brinkman's 
approach two, physically meaningful, coefficients are introduced: an effective viscosity, 1'\s 
(wluch is obvIOusly different from the liquid viscosity 1'\0) and the porous medium resistance 
coefficient, K B • Brinkman's equations have the following form 
(5.1.3) 
Eq.(5.1.2) should also be considered. 
Let Ls be a characteristic length scale for Eqs.(5.1.3). This length scale can be determmed in 
the following manner: both terms in the right hand side of Eqs.(5.1.3) have to be of the same 
1'\ 
order of magnitude. This requirement gives: f = K B' or 
LB 
where Ls is referred to as the 'Brinkman's length'. If the distance L in the depth of the porous 
medium and remote from the porous medium-liquid interface satisfies the following 
inequality L»Ls, then the viscosity term in the right hand side of Eq.(5.1.3) can be neglected 
and Brinkman's equations comclde With Darcy's Eqs. (5.1.1). This consideration shows that 
hydrodynamic resistance in both equations are equal; that is, KD=Ks. Kozeny-Carman and 
Happel- Brenner equatIOns (Happel, and Brenner, 1965.) are frequently used to describe the 
dependency of hydrodynamic resistance on porosity and particle radius. 
The porous medium resistance, Ks, vanishes in two cases: either when volume fraction of the 
particles is zero (i.e. for a pure liquid, when 1'\s=1'\o, where 1'\0 is the pure liquid viscosity) or 
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when the particles move with the same average velocity as the liqUId (concentrated 
suspension). In the latter case 11B=1]S, where 11s is the viscosity of the concentrated 
suspension. The last observation gives a very important hint, namely, the dependency of 11B 
on particle volume fraction should be close to the viscosity of concentrated suspension with 
the same particle volume fraction in the case when KB is small enough. It is well known that 
the dependency of 11s on particle volume fraction is an increasing function of particle volume 
fraction, 'Y. Consequently, it is reasonable to assume that 11B dependency should also be an 
increasing function of particle volume fraction. In contrast to this assumption, a decrease of 
effective viscosity with particle volume fractIOn 'Y has been predicted (Koplik, and Levine, 
1983). Hence, at the moment there is no agreement in the literature even on the value of the 
effective viscosity in Brinkman equations. Usmg our new method we show below that the 
effective viscosity and permeability are solutions of system of two differential equations, 
which is deduced and solved below in this Chapter. 
5.2 Derivation of the system differential equations for calculation of viscosity 
and permeability 
The idea of our method is Illustrated m Figure. 5.1. 
It is assumed below that a porous medium is bUIlt up by equal size spherical particles, which 
are randomly distributed in space and form the porous medium under consideration. The total 
V 4"a3 
volume fraction of solid particles, r = ~, Vp = vN, v = -3-' where N is the total 
number of particles in the volume V; a is the particle radius. The porous medium is assumed 
completely saturated With a liquid with viscosity 110. It is convenient to introduce a resistance 
coefficient of pure liquid medium, Ko, which is obviously equal to zero. 
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It is assumed both effective resistance coefficient of the porous medium, Kef! , and effective 
viscosity, 1'\'ff , can be presented as the following functions 
K'ff (r) = 'I'[Ko ,770 ,r]' 
1'\'ff (y) = A[Ko' 1'\0' y], 
(5.2.1) 
(5.2.2) 
that is, completely determined by the volume fraction of particles, viscosity and resistance 
coefficient of the surrounding medIUm, which is at the moment the liquid inside the porous 
medium and, hence, Ko=O. The System of two differential equations for determination of 
functions in the right hand side of Eqs. (5.2.1) and (5.2.2) is deduced below. 
If all the volume fraCtion, r = 0, vanishes when the volume V includes only pure liquid and 
Eqs. (5.2.1), (5.2.2) give 
Ko ='I'[Ko,'I1o,Q], 
'110 = A[Ko'1'\o'O], 
(5.2.3) 
(5.2.4) 
which are used below as imtial conditions. It should be remembered that Ko=O. 
Let us randomly mark a small number of particles inside the porous medium, lfN « N. Now 
the whole porous medIUm can be considered as a mixture of the marked particles surrounded 
by the porous medIUm with non-marked particles. Let the volume fraction of the marked 
particles be ot? 
ov ot?=-V' 
where OV = vlfN is the volume of the marked particles. 
(5.2.5) 
Volume fraction of non-marked particles in the rest of the porous medium is different from 
the initial volume fraction rby a small amount o~ which can be either positive or negative 
and is determined as r + &; V-OV P , or keeping only first order terms 
V-OV 
~= Vp -oV 
V-CV 
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Now (see Figure 5.1) effective viscosity and the resistance coefficient of the porous media 
can be expressed in two different ways: according to Eqs. (5.2.1)-(5.2.2) and considering the 
marked particles with small concentrations ot}, surrounded by the rest of the porous media 
built up by non-marked clusters with resistance coefficient and effective viSCOSIty 
'I'lKO,1]O' y+ d~],A[KO,1]O' y+ d~]. In the latter case resistance coefficient and viscosity of 
the porous medium can be written as 
Keff (y) = 'l'['l'[KO,110, y+ ~,A[KO'110' y+ ~,d~], 
1]<ff (y)=A['P[KO,1]O' 'Y+~,A[KO,1]O' 'Y+~],M]. 
(5.2.7) 
(5.2.8) 
Obviously, two different expressions for the calculation of the resistance coefficient (Eqs 
(52.1) and (5.2.7)) and the viscosity (Eqs. (5.2.2) and (5.2.8)) should be equal. Equating the 
right hand sides of Eqs.(5.2.1) and (5.2.7) gives an equation for resistance coefficient 
determination: 
The same procedure using Eqs.(5.2.2) and (5.2.8) gives an equation for viscosity 
determination: 
Transformation of the right handside ofEq. (5.2.9) gives 
'l'['¥[Ko'11o' ")'+~,A[Ko'11o' ")'+~.Ml = 
(5.2.11) 
L\I;+ 
If the volume fraction of marked particles vanishes (dt) = 0), the volume V includes only the 
rest of porous medium, consequently 
104 •• r.o.,.ghborough 
.. Uruvcrslly 
Viscosity of concentrated suspensions and properties of porous media 
and 
'If'P[KO,110, y],A[KO' 110, y],O] = 't1:KO' 110, y], 
'If'P[KO' 110, y+&;],A[KO' 110, y],O] ='t1:KO' 110, y+&;] 
Eqs. (5.2.9) (5.2.11)-(5.2.14), yield the following equation 
fN'[KO' 110, 'Y+ &;] fN'['t1:KO' 110, 'Y],A[KO' 110, 'Y],M] 
o Cl&; &; + Cl~t} ~1l 
Eq. (5.2.15) can be rewntten as 
where functIOn AK is defined by 
Relations (5.2.16) and (5.2.6) give 
d'f! AK ('!I,A) 
- = -"-'-'--'-
dy 1-1 
Using definition 
the similar approach gives the equation 
_dA = -,A..!...:....('I'_, A....:.) 
dy l-y 
(5.2.12) 
(5.2.13) 
(5.2.14) 
(5.2.15) 
(5.2.16) 
(5.2.17) 
(5.2.18) 
(5.2.19) 
(5.220) 
Eqs. (5.2.18), (5.2.20) gives the following system of coupled differential equations 
with boundary conditions 
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TlB 11 =0 ='110 ' 
KBI =0. 
1=0 
(5.2.22) 
Appendix 2 in this chapter. Eqs. (5.5.23), (5.4.16) give the required functions AKlTlB,K B) 
and ATllTlB'K B). After substitution of these expressions into system (52.22) we have the 
final system of differential equations for determination of KB and 1]B dependences on the 
volume fraction of particles in the porous medium: 
(5.2.23) 
(5.2.24) 
with boundary conditions (5.2.22). 
Let us introduce two dimensionless functions 
K a2 TlB 
Z(1) = B , '11(1) =-. Using these 
'110 '110 
functions the system (5.2.23-5.2.24) wIth boundary conditions (5.2.22) can be rewritten as 
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with boundary conditions 
5.3 Discussion 
~ 15 15 -+6+-+-11 fI Z 
dr] Z fil 11 
dy = 6 (l-Y{I+~J ' 
Z(O) =0, 
11(0) = 1. 
(5.2.26) 
(5.2.27) 
At low particle fraction, y, the dimensionless resistance coefficient Z(y) becomes small and 
Eqs.(5.2.6-5.2.7) can be rewritten as 
dZ 9T1 1 
-=---, 
dy 2 l-y 
dr]=5 11 
dy 2 (1-y) 
(5.3.1) 
(5.3.2) 
The latter system of equations with boundary conditions (5.2.3) has the following solutions 
(using dimensional variables) 
(5.3.3) 
(5.3.4) 
Eqs. (5.3.3-5.3.4) determine the dependence of the effective viscosity and the resistance 
coefficient of Brinkman' s medium on the volume fraction of particles, y, in the case of a low 
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particle volume fractton. Both dependencies are increasing functions of particle volume 
fractton, y. 
Eq.(5.3.4) can be rewritten as 
(5.3.5) 
The latter equation gives the dependency of the hydrodynamic resistance on the particle 
volume fraction, y, if Y is small. According to Eq. (5.3.5) the hydrodynamic resistance 
becomes negative if the effective viscosity is lower than the liquid viscosity, which is 
obviously impossible. 
1 Let us introduce the dimensionless permeabilIty k =-
Z 
dependence on porosity cp. 
Accordmg to Eq (5.3.5) at high porosity, cp~l: 
k(cp) cp~1. 
Tl -....!O~and investigate its 
K a2 B 
(5.3.6) 
This dependency is shown by curve 4 in Figure 5.2. At low porosity, cp~O, according to 
Appendix 3, k=+ and Tl = C
oo
cp-4.130, hence: 
t Tl 
00 
k (5.3.7) 
This dependency is shown by curve 5 in Figure 5.2. Curve 3 in the same figure represents the 
permeability dependency on porosity calculated according to Eqs.(5.2.6)-(5.2.7). Curves I 
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and 2 in Figure 5.2 give the permeability calculated according to Happel-Brenner and 
Kozeny-Carrnan equations (Happel, and Brenner, 1965.), respectively. Points and squares 
show permeability obtained by direct computer simulations of liquid flow in a random three-
dimensional (Koponen,KataJa, and Timonen, 1997) and a two-dimensional porous medium 
(Cancelliere, Chang, Foti, Rothman, and Succi, 1990), correspondingly. In two papers 
(Koponen, Kataja, and Timonen, 1997) and (Cancelli ere, Chang, Foti, Rothman, and Succi, 
1990) simulated porous medium consist of penetrating partIcles, which form clusters at high 
volume fractions. It is necessary to mention that accordIng to the model adopted here, 
particles do not penetrate into each other and do not form clusters. It appears that mutual 
particle penetration and clustering are more important in the case of a three-dimensional 
porous medium (Koponen, Kataja, and Timonen, 1997). This results in a close agreement 
between our prediction (curve 3, FIgure 5.3) and permeability dependency in the case of a 
two-dImensional porous medIUm (squares, according to (Cancelliere, Chang, Foti, Rothman, 
and Succi, 1990». 
The relative VIscosity at high porosity (that is, at cp-tl) accordIng to Eq.(5.3.3) can be 
rewritten as 
log 10 T\ = -2.5IoglO cp , cp-t1. (5.3.9) 
The latter dependency is shown as asymptote 2 in Figure 5.3. At low porosity, cp-tO, 
according to Appendix 3 the relative viscosity is 
log 10 T\ =-4.130 log 10 cp-0.2249, cp-tO. (5.3.10) 
The latter dependency is shown by asymptote 3 in Figure 5.3. Curve 1 represents the relative 
viscosity dependence on porosIty calculated according to Eqs.(5.2.6)-(5.2.7). 
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5.4 Appendix 1 Uniform flow 
Calculation of function AK (llB' K B) 
Let us consider a single spherical particle with radius a placed in a uniform flow inside 
homogeneous Brinkman's homogeneous medium. Far from the particles the following 
boundary conditions should be satisfied 
ill, -7 00 = (j = (0,0, U), (5.4.1) 
that is, UI =U2 =0, U 3 =U. 
In the case under consideratIOn our aim is to calculate the force exerted on the particle. 
The flow obeys Brinkman's Eqs. (5.1.3) and the incompressibility condition (5.1.2). 
If we apply rot operation to Eq. (5.1.3), then we obtain 
11 B ~ rot ii - K Brat ii = O. (5.4.2) 
In the same way as in ref. (Landau, and Lifshiz, 1959) the velocity vector can be presented In 
the following form 
(5.4.3) 
where f(r) is a new unknown function, r = IFI is the radial distance from the origin (the 
origin is selected in the particle centre). Hence, 
or 
rot it = rot rot rat(tU) = grad div~at(.tO)]- ~~at(.tO)] = 
=-~[rot(.tO)] 
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3 3 
rot.it= L E··k'Vku.=- L E··kUkd'V.f= 
I j,k=l I) ) j,k=l I) ) 
3 x. 
=-{4f)' L E··kUk-L, 
j,k=l I) r 
where E ijk is the anti-symmetric unit tensor 
E yk = - E jik = - E ikj ). 
Substitution of the latter expression in Eq. (4.4.2) gives the following equation for 
determination of unknown function f(r): 
(5.4.4) 
3 x. 
It is obvious, that LE. k Uk -L 'F- 0 everywhere, hence Eq. (5.4.4) yields j,k=l IJ r 
(5.4.5) 
After substitution f = \jI/r , where \jI(r) is a new unknown function, and integration 
Eq.(5.4.5) can be written in the following form 
'I'''''(r) ~ \""(1") B 'Y = const. 
11B I" 
(5.4.6) 
I" 
An integration constant should be set to zero because the fluid velocity remains finite far from 
the particle. Eq. (5.4.6) has the following solution: 
~ ~ 
'I'=G+Qr+MJTl; I" + He-VTl;r 
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where G, Q, M and H are integration constants. Taking into account substitution f = 'If / r 
the latter equation gives: 
Eq. (5.4.3) can be rewntten as 
U i = U i + grad div jU i -l1jU i ' i=I,2,3 . 
From Eqs. (5.4.8) and (5.4.9) we can conclude 
u.=U. +(~3n. f n U ·-...!....3U r+ 11 1.l l ] I r]= r 
[K; 
11 K e - VTl;r 3 
+H---'1- B n. l: n U 
K B 11 B r ']=1]] 
[K; 
KB e-VTl;r 
-'------U -
11B r I 
(5.4.8) 
(5.4.9) 
(5.4.10) 
The latter equations and non-slip conditions at the particle surface r = a determine the value 
of constants G and N: 
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~B --a H=~e TlB a 
2 ' 
(S 4.11) 
All functions under consideration below (components of velocity vector, viscose stress tensor 
and pressure) are presented as F = F(O) + F(I), where F(O) is caused by the flow far from the 
particle and F(1) is caused by the presence of the partIcle. Below we are interested only in 
values caused by the particle and, hence, in first order terms. Superscript (l) is Olllitted. 
The pressure can be calculated after substitution in Eq. (S.1.3) as the velocity expression via 
function f(r) (Eq. (5.4.3)): 
grad p= grad(TlBMiv}ii -K Bdi11ii)-( Tl BU!!2 f -KBU4f )= 
= grad(Tl BMiv}ii - K Bdi11ii) 
And after integration: 
Using Eq.(S.4.8) the latter equation gives: 
where constants G and N are given by Eq. (S.4.11). 
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Let us rewrite the velocity vector (5.4.10) and pressure (5.4.12) using spherical co-ordmate 
system with polar axe along the direction of the velocity vector, 0 . This gives: 
- (l(;r 
e vTl; 1 
3 + 3 
r T 
(K; 
K8 e-vTl;r 
"8 T 
2 2G 
3 +3 ' 
r r 
G 
3 ' 
r 
Components of the stress tensor at the particle surface, r = a can be deduced using the latter 
expressions as 
(5.4.13) 
where a Tr' a re are components of the stress tensor in polar co-ordinate system. The force, 
FB, exerted to the spherical particle according to (HappeJ, and Brenner, 1965) can be 
calculated as: 
F8 = f la cose-a..nsine}a:, L rr IU (5.4.14) 
a 
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where La is the particle surface, elL is the surface element. 
Eqs. (5.4.2) and (5.4.3) Yield 
FB =6m]BaU[I+a~KB +.!.a2 KB ). 
llB 9 llB 
(5.4.15) 
Additional resistance cause by the presence of marked particles inside the porous structure is 
After substitution of Eq.(5.4. 15) into the latter equation the result is 
The latter equation shows that 
(5.4.16) 
5.5 Appendix 2 Extensional flow 
Calculation of function All(lls, Ks) 
An extenslOnal flow in the Brinkman's medium 2 around a single sphere of radius a is 
considered below. The origin coinCides with the particle centre. Far from the particle the flow 
is given by 
3 
u·1 - L a .. x. 
I r~oo j=l I] J' 
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3 
where a .. is a symmetric tensor, L akk = O. Brinkman's Eq. (5.l.3) and the equation of IJ k =1 
incompressibility (5.l.2) describe the flow around the sphere. 
On the particle surface non-slip conditions are 
;;;1 =0 r=a . (5.5.2) 
In the same way as in AppendIx 1 the velocity vector can be presented in the following form 
(5.5.3) 
3 
where an unknown function fer) depends on radial distance r only, a * xl· = L a .. x .. 
I'IIJJ J= 
Applying rot to the both sides ofEq. (5.1.3) yields 
(5.5.4) 
From Eq. (5.5.3) we find 
rot ii = rot [rot [rot ( a * Vf)]] = 
= grad [div [rot ( a * Vj)]]- Llrot{a * Vf)= -Llrot{a * Vj} 
Substitution of the latter equation into Eq.(5.5.4) gives 
(5.5.5) 
Using the antisymmetric unit tensor Eijk (E I23= I, E ijk = - E Jik = - E ikj ) in Eq. 
(5.5.5) we arrive (m the same way as in Appendix 1) to the following equation for fer) 
detennination: 
(5.5.6) 
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where' means a derivative in respect to r = Irl. After substitution f = ljI/r (where If/(r) is 
a new unknown function) we obtain from the Eq. (5.5.6): 
11 --K - =0. ( 'If"" 'If") B r B r (5.5.7) 
Equation (5.5.7) has the following solution 
where Q, G, M and H are integration constants. In order to satisfy boundary conditions far 
from the particle (5.5.1) constants M, A and be B must be set to zero and constant G can be 
easily determined, this gives: 
Eq. (5.5.3) can be rewntten as 
Using latter two equations we obtain 
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Non-slip conditions at the particle surface result in the following values of integration 
constants N and Q 
H= 
& 
5 eVT1;
a
a3 
3 ~' 1+ KBa 
1lB 
Now function f ( r) is completely determined. 
According to Eqs. (5.1.3) and (5.5.3) the pressure gradient can be expressed as 
Vp= grad divl1lBa*Vj -K Ba*Vj )-K Ba*,X. 
After integration of the latter equation 
3 
L a .. x.x. 
1 3 ( )i, j = 1 IJ I J 
p=--KB L a .. x.x.+ 3H1lB -QKB 5 2 i, j = 1 IJ I J r 
(5.5.11) 
(5.5.12) 
Using the definition of the stress tensor cr .. =-pB .. +1lB _, +_J_ and Eqs (3.5.10), (
dU. dU.j 
IJ IJ dX. dX. 
J I 
(3.5.11) and (3.5.12) gives the following expression for the viscose stress tensor: 
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~ 
llB 12e fn-;;r 
KB r5 
(5.5.13) 
Let us calculate a correction to the viscous stress tensor at a low volume fraction of particles. 
For any function S we introduce an average value as (8) =~ J8dV. where V is the 
VRV R 
volume of the large sphere with a centre which comcides with the particle centre. Volume VR 
does not include any other particles (Iow particles volume fraction). Integration of the viscous 
stress tensor over volume VR results in 
(5.5.14) 
The expression under the integral in the right hand side of the latter equation is zero outside 
the particle and differs from zero inside the particles. A direct calculation of the integral 
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inside the particle requires investigations of the stress tensor inside the particle. However, It 
is possible to avoid this problem by transformation of the integral over volume to the integral 
over comprising surfaces: inner surface of the volume VR , L R' which does not go through 
any other particle. 
The stress tensor we can rewrite the stress tensor as 
(S.5.1S) 
Substitution ofEq. (S.S.IS) into (S.5.14) gives 
(crij)={(:;)+(~) } (S.5.16) 
+_1 f{ t 'cr.kx dJ,k+cr .kx.dJ,k-K.JlkxX dJ,k)-2r).Jld/.-2r).Jl df }. 2V k=1 ~ I J J I Jj. I J Jj I J Jj J I . 
The value (p) disappears because the average pressure IS equal to zero: (p) is a scalar, 
which must be determined by a linear combinatIOn of components of the tensor aik , the latter 
3 
scalar is equal to La .. = 0 . 
. 1 11 1= 
In order to calculate the integral in (S.S.14) the following relations which are valid at 
integration over spherical surface, are used: 
1 1 
- fn n dr. = -s ' 
r.r.') 3 1) 
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where n =x./r, dE is the dIfferential on the spherical surface. 
I I 
Eq. (S.S.16} may be rewritten in the following way 
(cr,,)=nB[(:;)+(:~) } (5.5.18) 
+ 2~ ft!1 (criknlkr+ cr,knfkr-KBiikn."lkr2 )-2t1Bu,n, -2nBUl,}tL 
For calculation of the integral (5.5.18) we will use stress tensor given by Eq.(5.S.IS) and the 
velocity vector given by Eq. (5.5.10). In the final equation we keep terms proportional to 
1/ r2 and OmIt those tends faster to zero: 
(cri )=TlB ~ + -'- +-f B2 B:E ann in .dJ:., [( dU ) (dU .)]1 -IS(HTl -QK ) 3 ( f g oX j dXj 2V J:. r p,q=1 pq P q , 
(S.5.19) 
where 
(5.5.20) 
After substitution of integration constants N and Q from Eq.(5.5.l1) find usmg Eqs. (5.5.13), 
(5.S.18), (S.5.19) we obtain 
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.i1ta3 
In the case under consideration, 011 = 3 ,hence, from Eqs. (5.5.18)- (5.5.21) we 
V 
conclude 
The latter equation can be rewritten as 
(5.5.22) 
Comparison ofEqs. (5.5.22) and (5.2.1) gives 
(5.5.23) 
then the latter equation gives A =~, which coincides with Emstein's 
11 2 
equation. 
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5.6 Appendix 3 
Solution of the system differential equations for calculation of viscosity and 
permeability 
The resulting system of the differential equations is (S.2.4), (S.2.S) with boundary conditions 
(S.2.6), which is under consideration below. Dividing Eq. (S.2.4) by Eq.(S.2.S) gives 
dZ 2711 
-= 
drt Z 
(S.6.1) 
After substitution Z = t 2 (l1)X11, where t(l1) is a new unknown functIOn, the dIfferential Eq. 
(S.6.1) becomes 
(S.6.2) 
Eq.(S.6.2) can be directly integrated 
1 2t t
3 +6t2 +ISt+1S 
n11+C=/ dt, 
_tS _6t4 -12t3 +ISt2 +S41+27 
(S 6.3) 
where C is an integration constant. 
Polynomial function in the denominator can be presented as 
_IS -614 -1213 + IS12 +S41+27 =-( 1+ 1.63209) x 
x( 1+0.67371)( 1 -1.89389)(- 12 -S.587971 -12.96SS8) • 
Using the latter representation the integral in the right hand side of Eq. (S.6.3) can be directly 
calculated. The result is: 
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J 2t t3 +6t2 +15t+15 t= 
_t5 -6t4 -9t3 +18t2 +54t+27 
= 0.0457026arctg( 0.220129( 5.58797 + 2t) )-
-1.10585Inl1.89389 - tl- 0041469lnlt + 0.673711 + 
+ 0.3195791nlt + 1.632091 + 
-0.39952In(12.9656+5.58797t+t2 ) . 
The latter equation and Eq.(5.6.3) results in 
Inll+C= 
= 0.0457026arctg( 0.220129( 5.58797 + 2t) )-
-1.10585Inl1.89389 - tl-004l469lnlt + 0.673711 + 
+ 0.3195791nlt + 1.632091 + 
- 0.39952In(12.9656 + 5.58797t + t 2 ) . 
The integration constant C can be calculated using the condition 
till =1 =0, 
(5.604) 
(5.6.5) 
which can be directly deduced from the boundary conditions (5.2.3). Eq. (5.604) and boundary 
condition (5.6.5), which gives: C=-1.368995. 
Below the case when the volume fraction of the particles, 1, tends to lis investigated. 
It is clearly seen from Eq. (5.6.2) that t ranges between 0 and value 1.89389. It occurs 
because t starts from 0 at 11=1 and can not pass value too=1.89389 (this value anses in 
the third term -1.105851~1.89389-tl, Eq. (5.6.2)). Consequently, at 11 tends to infinity 
.)Z/l1 -+ t • Eq. (3.10) after substitution Z = t 211 yields 
00 00 
dr1=A. 11 , 
dy (1-1) 
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where A. = ~ 00 3 + 6t 00 2 + 15t 00 + 15 )/6(1 + too )=4.130. Eq. (5.6.6) corresponds to the limiting 
case 'Y -7 1. The solution of this equation is 
(5.6.7) 
where C~ is an integration constant. According to Eq.(5.6.7) the exact solution should satisfy 
the following reqUirement 
11 <p4.130 -7 C • at <p -7 O. 
00 
(5.6.8) 
Constant Coo IS calculated using direct integration of system (5.2.6)-(5.2.8) (see Figure 5.4 
for details). The result is C~ =0.5957 and 10glO 0.5957 = -0.2249. The asymptotic 
dependence log10 11 = -4.130 log10 <p - 0.2249 of the viscosity on porosity is presented in 
Figure 5.4 (asymptote 3). 
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A 
K eff (K, 11, y) = 
= K eff (Keff (K, 11, y+8y), 11eff (K, 11, y+ 8y),88) 
B 
Figure 5.1 Schematic explanation of our method (see text for details) . 
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1 
log1o k 0 
-1 
-2 
-3 , .. 
.. 
-4 
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 
T] 
Figure S.2 Dependence of relative permeability, k ° 2 on the porosity of porous media, 
KBa 
<p=1-y. 
(1) 
1965), 
(2) ----------------
1965), 
(3) 
(4) 
(5) 
------
according to Happel- Brener equation (Happel, and Brenner, 
according to Kozeny - Carman equation (Happel, and Brenner 
calculated according to Eqs. (5.2 25)-(5.2.26), 
high porosity asymptote, q>-t 1, according to Eq.(S.3.5), 
low porosity asymptote, q>-tO, according to Eq.(S.3.6), 
o -from (Cancelhere et al., 1990), 
• - from (Koponen et al., 1977). 
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, 
, 
" 'iI 
'''1 1 '~ 
\ 
3 \ 
1,0 
11 
Figure 5.3 Dependence of relative viscosity 11 = -.lL of porous medium on the 
porosity, <p= 1-1 (log -log co-ordinates). 
I - solution of Eqs. (5.2.25)-(5.2.26) 
110 
2 - high porosity asymptote, ~ 1, accordmg to Eq.(5.3.9) 
3 -Iow porosity asymptote, <p-70, according to Eq (5.3.10). 
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1] (jJ 4. 130 1,0 
0,9 
0,8 
0,7 
0,6 F---~-=--=-==-:=------------------
0,0 0,2 0,4 0,6 0,8 1,0 
Figure 5.4 Dependence of 11<p4.130 on porosity qJ (calculated 
according to Eqs. (5.2.25)-(5.2.26». 
Broken horizontal line corresponds to 0.5957. 
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LIST OF SYMBOLS 
p 
U 
'0 
K 
N 
L 
V 
a 
A" 
AK 
R 
x 
F 
K=I/Z 
U 
pressure 
velocity 
constant velocity far from particle 
hydrodynamic resistance 
number of particles 
character length scale 
volume 
radius of particles 
function defined by Eq.{5.2.l9) 
function defined by Eq.{5.2.17) 
distance from fixed particle center 
Cartesian coordinates 
force 
relative permeability 
absolute value of velocity 
G, Q, N, M, C integration constants 
Greek letters 
r volume fraction of particles 
~=l-r porosity 
o.} symmetric unit tensor 
A Laplacian 
11 viscoclty 
Eqk anti-symmetric unit tensor 
ay constant tensor 
(J' stress tensor 
L spherical tensor 
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Subscripts 
D Darcy 
B Brinkman 
p particles 
o liquid phase 
i,j, k, m, n indexes with value 1,2,3 
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Chapter 6 EFFECTIVE ELASTIC PROPERTIES OF RUBER OR POLYMER 
SHEETS WITH CRACKS 
6.1 Calculation of the effective elastic properties 
In this chapter effective elastic properties of a flat sheet of rubber or polymer with 
cracks is considered (see Figure 6.1). Let M »1 is the number of cracks per area S. 
All cracks are randomly oriented and l, is the length of the crack i=1,2, ... M. Cracks 
are assumed do not intersect with each other. 
Density of cracks, A., is determined in the following way: 
M I~ 
A= L.!.... 
1=1 S 
(6.1.1) 
According to the above definition A. is always positive and ranges between zero and 
infinity. 
Let Eo and Vo be Young's modulus and Poisson's rauo of the rubber sheet without 
cracks. It is assumed below that dependencies Poisson's ratio of the Young's 
modulus, E<ff, and Poisson's ratio, v'lf , of the rubber sheet with cracks are given by 
the following dependencies on the density of cracks,A., to be determmed: 
and 
In the case A.=O (no cracks) Eqs. (6.1.2) and (6.1.3) reduce to 
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and 
(6.1.5) 
If the density of cracks is small, 01..«1, then Eqs. (6.1.2) and (6.1.3) result in 
Eejf =E +AE[E v WA-o 0' Or (6.1.6) 
and 
(6.1.7) 
where A E , AV are two new unknown functions, which are determined below. 
Let oM cracks in this sheet of rubber be marked and the rest of the cracks be 
unmarked; oM «M. The denSity of marked cracks, 88, is 
The density of unmarked cracks is 
oM l~ 
09=L-'· 
i=1 s 
M -oM 1,2 
A.-OA. = L -. 
i=1 S 
Eqs. (6.1.1), (6.1.8)-( 7.1.9) result In 
(6.1.8) 
(6.1.9) 
(6.1.10). 
A sheet of rubber with cracks can be considered as a mixture of the marked cracks 
surrounded by a sheet of rubber With unmarked cracks. That is, effective coefficients 
E'ff and V'ff can be expressed in two different ways: (i) according to Eqs. (6.1.2)-
(6.1.3) and (ii) using "marked cracks" (with density 09) surrounded by "non-marked" 
cracks (with the denSity 1..-01..), which are treated as a medium with unknown 
Young's module and Poisson's ratio 
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This gives the following system of equations: 
(6.1.11) 
and 
(6.1.12) 
Eqs. (6.1.11) and (6.1.12) are developed below into Taylor's series using the small 
parameters OA. and 09 
1 ~ Eo,VO),,-OAH Eo,Vo,A-oA}oe)= 
=1~EO'VO,AHEO'Vo)·}o)+ 
+ av(E(Eo,vo,A-OA),v(Eo,vo,A-OAhOe) 09+ 
aoe &l:O 
5ArO 
Eq. (6.1.13) can be simplified using Eqs. (6.1.3), (6.1.5) 
V(E(Eo'Vo,A}V(Eo'Vo,A}O)=V(Ea,Vo,A)=veff 
Combination of Eqs. (6.1.3), (6.1.7) results in 
iJv{E{Eo ,v 0 ,A.-o:>..1 v{Eo, v 0 ,A.-O:>..1B9 
aM 
iJv{E{Eo, v 0,:>..1 v{Eo ,v 0 ,:>..1BS) 
aBS 
134 
= 
SIl=O 
= 
(6.1.13) 
(6.1.14) 
(6.1.15) 
VIScosIty of concentrated suspensions and propertIes of porous medIa 
Eq. (6.5.3) results in 
av{E{Eo ,V o,A.-IiA.~ v{Eo ,V o,A.-IiA. ~lie) 
aliA. Be=O 
av{E{Eo,vo,A.-IiA.~ v{Eo,vo,A.-IiA.~O) 
aliA. 
av{Eo,vo,A.-IiA.) 
aliA. 
= 
= 
Eq. (6.1.13) can be simplified using Eqs. (6.1.12), (6.1.14)-(6.1.16) as 
Eqs. (6.1.17), (6.1.10) yield 
The same method of consideration results in the equation 
Eqs. (6.1.4), (6.1.5) give the boundary conditions 
and 
(6.1.16) 
(6.1.17) 
(6.1.18) 
(6.1.19) 
(6.1.20) 
(6.1.21) 
In ref. (Vavakin, and Salganik, 1975, 1978) the following expressions for both 
Young's and Poisson's ratio have been deduced at the low crack density,liA 
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E eff = E (I - 1.-no). ) o 4 • 
vel! =Vo(l-! no).). 
Comparison of the latter two equations with Eqs (6.1.6) and (6.1.7) results In 
and 
Using the latter two equations system of differential Eqs. (6.1.18). (6.1.19) can be 
rewritten as 
d E eff E eff 1t 
-
d'J... 4 (6.1.22) 
d V eff V eff 1t 
-
d'J... 4 
System (6.1.22) with boundary conditions (6.1.20). (6.1.21) has the following 
solution: 
1 
--1tA. 
v eff =ve 4 o 
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6.2 Comparison with available experimental data 
In Figure 6.1 an example of a rubber sheet with cracks is shown, which has been used 
for experimental investigations in (Vavakin, and Salgamk, 1975). Modules E'ff and 
V'ff are calculated according to Eqs. (6.1.23), (6.1.24) and compared with 
experimental data of (Vavakin, and Salganik, 1975). Figures 6.2 and 6.3 show the 
results of comparison, which is surprisingly good. 
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Figure 6.1 Sample of a rubber sheet with the cracks used in experiments (Vavakin, 
and Salganik, 1975). 
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Figure 6.2 Young's module on density of cracks, A.. Solid line corresponds to 
Eq. (6.1.23). Experimental data are from (Vavakin, Salgamk, 1975) . 
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Figure 6.3 Poisson's ratio on density of cracks, A.. Solid line according to Eq. 
(6.1.24). Experimental data are from (Vavakin, Salganik, 1975) . 
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LIST OF SYMBOLS 
v 
E 
M 
AV 
Superscripts 
eff 
Subscripts 
o 
Poisson's ratio 
Young's module 
number of cracks per area S 
function Introduced by equations (7.1.6) 
function introduced by equations (7.1.7) 
density of cracks 
effective 
denotes properties of the rubber sheet without cracks 
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Chapter 7 EFFECTIVE ELASTIC PROPERTIES OF POROUS AND COMPOSITE 
MATERIALS 
7.1 Introduction 
Based on our new method the dependency of effective diffusion coefficient in porous media 
on porosity is predicted (Chapter 2) as well as other problems have been solved in Chapters 
3-7. Comparison with aVaIlable experimental data shows the good agreement between the 
theory predictions and experimental data in all cases. This shows the applicability of our 
method to a variety of problems. In this chapter we apply our method to the calculation of 
effective elastic properties of composite materials and show that the resulting equations agree 
better with available experimental data than the well known Mori-Tanaka equations. 
7.2 Effective elastic properties of the laminated composite materials 
In this section the elastic properties of the laminated composite materials (Figure 7.1) are 
calculated using our new method, which results in a system of differential equations 
describing dependency of the elastic properties of the laminated composites on volume 
fractions of inclusions of different types. Earlier the srune problem has been solved with the 
help of the average method (Khorshun, Maslov, Shikulda, and Nazarenko, 1993) where 
analytical expressions for the elastic properties have been obtained. The main result in this 
section is as follows: the analytical solution in (Khorshun, Maslov, Shikulda, and Nazarenko, 
1993) is the solution of our system of differential equations, which are deduced using our 
method. That is, both methods in the case of laminated composites give identical results. 
Let the axes of symmetry be dtrected perpendicular to the layers of the laminated composite 
matenal (Figure 7.1). The equations of equilibrium are conSiderably simplified in this case. 
Derivatives of both the stress tensor and the fluctuation of displacements 
3 
u, - I,(ey )x} vanish in any direction tangential to the layers. Here ii is the displacement, 
}=I 
(ey ) are averaged deformations (i, j =1,2,3). This gives the pOSSibility to solve the equations 
of eqUilibrium and to calculate the stress tensors, deformations and effective elastic modulus 
(Khorshun, Maslov, Slukulda, and Nazarenko, 1993). 
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Expression h'ff = h(h m ,hI ,h2 , ••• ,hM , yl, y2 , ... yM) for the case of laminated composite with 
the orthotropic layers and common axes of isotropy one of which is perpendicular to the 
layers have been obtained in (Khorshun, Maslov, Shikulda, and Nazarenko, 1993) and they 
are presented below 
h;~33 = (h3333) + (h.,I33/h.,IS /(11 h., 11 I) -( h.,13/ /h.,III) 
h;.ifz2 = (h2222 }+(h.,I22/h.,IS /(11 h.,1II}-(h.,1222 /h., 11 I) 
if~ 1 = Y (11 '; m) 
h~t3 = (h2233}+('; \33/'; l11X,; 122/'; 111)/(V'; 111)-(h1 \33hl122/h1111) (7.2.1) 
if!;3 =(1 133j111111)/(l! "t 1.11) 
h~f;3=('1d 
h:1;2 =Y(V"t212) 
h.,'~3 = 1/(l/h.,313)· 
Here h are elastic modules and < ... > means the volume averaging (Khorshun, Maslov, 
Shikulda, and Nazarenko, 1993). 
Derivatives A",gl •.• are defined below as follows: 
,(k= 1 ,2, .. ,M). (7.2.2) 
qy=6y'=. ~ ='J 
The system of the differential equations for calculation of the elastic modules of the 
composite materials with different types of inclusions (7.4.19) is deduced in Appendix. The 
same system can be used in the case of mUlty-component laminated composite materials. 
Earlier, in (Mc. Laughlin, 1977) the similar calculation have been performed for the case of 
two-component laminated material 
Let now functions A",gl.,. (ho ,h'), which are calculated according to Eqs. (7.2.2), be 
substituted into the system of equation (7.4.19). After a lot of calculations (not presented in 
this thesis) it is possible to show, that solutions according to Eqs. (7.2.1) being substItuted 
into the system of equations (7.4.19) gives their exact solution in the case of multi-component 
composite material. Thus we have excellent agreement between mean field approximatIon 
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method and method developed in paper (Khorshun, Maslov, Shikulda, and Nazarenko, 1993) 
for laminated composite materials. 
7.3 Effective elastic modules of isotropic composite material containing 
spherical isotropic particles and isotropic matrix 
The system of the differential equations obtained in Appendix can be applied for calculation 
of the effective elastic modules of the elastic isotropic composite materials with spherical 
isotropic particles (inclusions) and isotropic matnx. Earlier in (Christensen, 1990) these 
modules have been obtained With the help of the cell method and Bruggerman's method In 
the case of inclusion of only one type. However, the equations are given in (Christensen, 
1990) practically without any derivation. It does not allow either to judge the correctness of 
the results obtained not to develop further generalization in more complex cases (inclusions 
of different types). Below our method is applied to the calculation of the elastic properties of 
the composite materials with several different types of inclusions. 
Hooke's law for the particles and for the matrix reads 
crq =k'(t.£ .. Jq + 21lP£q , cr" =km(t.£ •• Jq +2Ilm £", 
where kP, pP, km, pm are elastic coefficients ofthe particles and matrix, respectively. 
The same law gives the relation between stresses (]' and deformations e averaged over a 
volume: 
The Young's module, E, and the Poisson's ratio, V, are usually used instead of the 
coefficients 11: and Jl: 
E= 9kp ,V 
3k+p 
(7.3.3) 
(7.3.4) 
If the volume fraction of inclusions is small, &y<<i, then the Taylor series expansion of the 
coefficients k'ff and p'ff is obtained using the cell method in (Christensen, 1990): 
Il<lf =Ilm +A~~m,km'llp,k')&y, 
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(7.3.5) 
where 
(7.3.6) 
(7.3.7) 
3k m _2pm 
where ym = ( ) . 2 3km +pm 
The system of differential equations (7.4.19) in the case under consideration using Eqs. 
(7.3.5) - (7.3.7) results in the following system of differential equations: 
(7.3.8) 
(7.3.9) 
where yeff 3k
elf 
_ 2 elf 
2{3kelf + ~elf). The system of differential equations (7.3.8), (7.3.9) should be 
subjected the following obvious boundary conditions: 
Il'lfl =Ilm, keffl =km. 
1=0 y=O 
(7.3.10) 
The numencal solution of the system of differential equations (7.3.8)-(7.3.9) with the 
boundary conditions (7.3.10) allows determination of the dependency of the effective elastic 
coefficients of the composite material on the volume fraction of inclusions. The system of 
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differential equations (7.3.8)- (7.3.10) coincides with that presented in (Christensen, 1990), 
where it has been given without proper derivation. 
The derivation given above allows generalization for the case of the composite material with 
inclusions of several different types (according to Eq. (7.4.19». 
M 
<ff LN'(P'ff ,k<ff ,p' ,k')r 
L=A"r .. 'ff k'ff liP k P )+ ,=1 p=12 M Cl p \}l, ,,...,, M " , •• 
y 1-LY' 
(7.3.11) 
.=1 
and 
M 
'ff LAk~eff ,k'ff ,11' ,k')y ~- Akr .. 'ff k'ff P k P ) ,=1 -12 M dy' - \j-l, ,J.l, + M ' P - ".. , 
1- I,y 
(7.3.12) 
.=1 
where relations A" (pm ,km ,pP,k") and Am(pm ,km ,pP,k") are given by Eqs.(7.3.6), 
(7.3.7). Eqs. (7.3.11), (7.3.12) require the boundary conditions, which are as follows 
(compare with Eqs. (7.4.21) 
(7.3.13) 
and 
p = 1,2, ... ,M. (7.3.14) 
In Figures 7.2 and 7.3 the companson IS presented of the aV3.llable experimental 
measurements of elastic properties of concrete (Simeonov, and Ahmad, 1995) with two 
theories predictions. Calculations according to Eqs. (7.3.8)- (7.3.10) (curves 1) and according 
to the Mori- Tanaka theory (Mura, 1987) (curves 2) are given for the dependency of the 
Young's modulus of the composite materials on the volume fraction of inclusions. 
The square deviation is taken for an estimation of the deViation from experimental data: 
N 2 
% = L[E,~!xp _Eeff (y,)] , (7.3.15) 
.=1 
where N is the number of data points (N = 5 in Figure 7.2 and N = 3 in Figure 7.3); E,:f,p are 
the experimental values of Young's module (Simeonov, and Ahmad, 1995). Figures 7.2 and 
7.3 show, that the calculations according to Eq. (7.3.8)-(7.3.10) results in the better 
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agreement with the experimental data, than the calculations based on the Mori- Tanaka 
theory. 
In Table 7.1 comparison of the experimental data on the elastic properties of the concrete 
with two types of inclusions from (Simeonov, and Ahmad, 1995) are compared with our 
predictions calculated according to (7.3.11)-(7.3.14). Comparison shows that the predictions 
according to our theory in all cases over-estimate the experimental value. Calculations 
according to Mori-Tanaka theory in all cases under-estimate the same experimental data. 
Both theories give similar deviation from the experimental data. 
7.4 Appendix 
System of partial differential equations for the calculation of elastic properties 
of composite materials containing different types of inclusions 
The differential equation for dependency of the effectIve elastic properties of the composite 
materials on volume fractions of several different type inclusions is obtained below with the 
help of our method. The volume fraction of inclusIOns of type k, rk , is defined as follows: 
vk Y'=-' 
V 
(7.4.1) 
here V is the volume of the composite, Vk is the volume of inclusions of type k (k=1,2, ... M). 
Let h'ff is an effectIve elastic coefficient of the composite material; hm is the elastIc 
coefficient of the matrix; hk IS the elastic coefficient of the inclusions of type k (k=1,2, ... M) .. 
The coefficients h'ff, hm and hk can be tensors, vector or scalars (for example, both Young's 
module and Poisson's ratio) depending on the problem under consideration. It is assumed 
below, that the following relation describes the effective elastic coefficients: 
h/ff =hJhm,hl,h2, ... ,hM,rl,r2, ... ,rMl j=I,2, ... N . (7.4 .. 2) 
Below index j IS dropped for simplicity. 
In the case Y '7 T = ... = of = 0 (no inclusIOns) Eq. (7.4.2) results in 
hm = h[hm ,hi ,h2 , ... ,hM ,0,0, ... ,oj. 
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which is used below as the boundary condition. In the case "( =0 (i=I.2 .... k-l.k+l ..... M) 
(only inclusions of type k) Eq. (7.4.2) results in 
h,,·gl •. llhm .h i • Y' J = hlhm .hl .h2 ••••• hM .0.0 ..... 0. y' .O ..... OJ 
Dependences A,,·gl •. , (k=I.2 ... M) are defined as 
(7.4.4) 
"h"ngl. rhm hl s:.. .. 
A,,·gle.l(hm.h')= U ~oi .ur • (k=I.2 ... M). (7.4.5) 
!iy'=o 
Let us mark randomly a small number of inclusions of each type. The small volume fractions 
of the marked inclusions. 00' (k=l. 2 ..... M). are equal to 
00' = CV' 
V • (7.4.6) 
where (iV' is the volume of marked inclusions. The volume fraction of the non- marked 
inclusions are 
Eqs. (7.4.1). (7.4.6). (7.4.7) result in 
Vl -liV' 
M 
V- LliV' 
.=1 
,=1 
or neglecting the small volume fractions of higher order: 
M 
ay' =00' -r'Loo'. 
1=1 
(7.4.7) 
(7.4.8) 
(7.4.9) 
The composite material can be treated now as a mixture of marked inclusions surrounded by 
an effective medIUm WIth non- marked inclusions. Thus. the effective elastic coefficients of 
the composite material. h<Jf. can be expressed in two dIfferent ways: (i) according to 
definition (7.4.2) and (ii) using "marked" mclusions (with the volume 
fractions 00'. k = 1,2, .. M» surrounded by the effective medIUm WIth "non- marked" 
inclusions (with the volume fractions given by (7.4.9». The latter effective medium has the 
elastic property hlhm .hl ,h2 ..... hM;y' - &(. T -&{ , .... yM - &( J accordmg to definition 
(7.4.2). 
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The coefficients calculated in these two ways should be equal. this results in the following 
system of equations: 
h[hm .hl.h2 •...• hM. y. r .... ;(11= 
=h[h[hm .hl.h2 •...• hM. Y -&(. r -&y2 •... ;(1 -&yM Ihl .h2 •...• hM • oat .0Ei •...• oft']. (7.4.10) 
The system of Eqs. (7.4.10) is decomposed below using the Taylor series using small 
parameters &y and oB: 
h[h[hm .hl .h2 •...• hM ,y -&( • r -&y2 •... ;(1 -&yM Ih\h2 •...• hM • oS\OS2 •...• 0Et' J= 
=h[h[hm .hl .h2 •...• hM • Y. r .... ;(1 Ihl .h2 •...• hM .0.0 •...• 0]+ 
+ f ah[h[hm .h\h2 •...• hM. Y -&(. r -&y2 •...• r: -&yM k .h\ ...• hM .OS\OS2 •...• OSM 1 OSk + 
k=1 aBS ·I~ 
+ f ah[h[hm .hl.h2 •...• hM. Y -&(.r -&y2 •. ;; -&yM Ihl .h2 •...• hM .OSI.OS2 •.. • BSM &y*. 
w a -&,«l 
(7.4.11) 
oB =0 
In the latter equation and below the following abbreviation is used: liy = 0 stands for 
BSI = ... =BSM =0. 
&(1 = ... =&yM =0. 
Eq (7.4.11) can be simplified using relations (7.4.3). (7.4.2): 
h[h[hm .hl .h2 •...• hM. y. r .... ;(1 Ihl .h2 •...• hM .0.0 •...• 0] =h[hm .hl .h2 •...• hM. Y . r .... ;y"']=h<ff . 
(7.4.12) 
Combination of Eqs. (7.4.3) - (7.4.5) results in 
ah[h[h- .h' .h' . ... h" . r' -Or'. r' - Or' .... r" _Or" 1 h'. h' .... h" . os'. os' .... os" 
aos' " •• 
.,.. 
_ ah[h[h- .h'.h' ..• h" • r'. r' .... r" Ih'.h' •...• h" .50'.50' ... . OSM 
= 
- aos' 
_ ah""/' [h[h'" .h'.h' •..• h" • r'. r' .. . r" Ih' .50'] 
- a50' 
Eqs. (7.4.4). (7.4.2) give 
" .. 
=A-'/"'(h'ff.h') . 
..... 
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ah[h[hm .hl .h2 ••••• hM. Y -&(. i-&( .... ;(' -&(I Ihl ,h2 , •••• hM ,09' ,0Er •..• off' 
iJ&{ 
ah[h[hm .hl .h2 •••• ,hM, Y -&(, i-&( .... ;yM -&(I Ihl ,h2 •••• ,hM .0,0 •... 0 
iJ&{ 
ah[hm .hl ,h2 .... ,hM. Y -&(. i-&( .... ;(' -&(I ~ = 
iJ&{ &f"O 
ah[hm .hl .h2 •••• ,hM, y, i , .... yM 1 
d( 
ah'ff 
d(' 
= 
Now Eq. (7.4.11) can be simplified using Eqs. (7.4.12) - (7.4.14) as follows: 
M M ah'ff 0= I,A,,"gle.k (heff .hk ~ak - I, ~k. 
k=1 k=1 ~ 
= 
(7.4.14) 
(7.4.15) 
The "marked" inclusions are selected randomly, therefore the small volume fractions 00/ 
(i=I.2 •... M) are independent of each other. Therefore. Eq. (7.4.9) after substitution in Eq 
(7.4.15) and collecting of terms proportional to oot results in 
O=A,,"gle,t(h'ff.hk )_ :~: + f. a:'~ y', k=I.2 .... ,M. 
or ,=1 ay 
(7.4.17) 
Multiplying Eqs (7.4.17) by r" and summation over k yields 
M ~ A,,"gle"(heJf h' L M "h'ff £.J ' JY I,-O-i= ,=1 M 
,=1 if( 1-I, 'Y' 
(7.4.18) 
,=1 
Substitution of Eq. (7.4.18) into Eq. (7.4.17) results in the required system of differential 
equations: 
(7.4.19) 
The effective elastic coefficients of the composite material, h'ff. can be calculated as 
solutions of the system of non-linear partial differential equations (7.4.19) with the boundary 
conditions obtained from condition (7.4.3) 
heffl =hm 
y' =1' = =y" =0 • 
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Figure 7.1 Laminated composite material. 
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Figure 7.2 The Young module, E eff ,of concrete 
Experimental data from (Simeonov, and Ahmad, 1995) 
1 according to Eqs (7.3.8) - (7.3.11); X=23.948 
2 according to the Mori- Tanaka theory (Yang, and Huang, 1996); 
X=27.724. 
Matrix: cement paste Em = 12 GPa, vm = 0.22. 
Particles: sand EP = 80 GPa, v P = 0.21. 
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Figure 7.3 The Young module, Eeff ,of concrete 
Experimental data from (SimeonoY, and Ahmad, 1995) 
1 according to Eqs (7.3.8)-(7.3.11); X=32.577 
2 
• 
2 according to Mori- Tanaka theory (Yang, and Huang, 1996); X=131.782 
Matrix: cement paste Em = 12 GPa, vm = 0.22 
Particles: steel EP = 207 GPa, v P = 0.3 
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Tab. 7.1 Elastic properties of three component concrete 
Cement phase Sand (phase I) Gravel (phase 2) Concrete Concrete Concrete 
(matrix) Em =800GPa Em =69GPa E(GPa). E(GPa). E(GPa) . 
Em =12GPa 
vm =0.21GPa ym =0.23GPa Calculated Calculated Expenmental Mori-Tanaka According to data ym =0.22GPa volume fractIOn, volume fractIOn, method our equations (Slmeonov, 
volume fractIon YI Y2 (Yang., and (7.3.11- and Ahmad, 
Huang, 8.3.13) 1995) 
1996) 
0.374 0.446 0.18 32.14 34.96 34.90 
0.342 0.408 0.25 33.92 37.00 34.20 
0.328 0392 0.28 34.73 37.93 35.40 
0.319 0.381 0.30 35.29 38.55 36.20 
0.297 0353 0.35 36.74 4009 38.60 
0.274 0.326 0.40 38.28 41.78 39.60 
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Conclusions and suggestions for future work 
In this thesis new generalized method for the utilization of mean field approximation 
technique for calculation of effective properties of porous and dispersed materials IS 
suggested. The generalization is with respect to the description of properties of multi-
component materials. Effective elastic characteristics of multi-component composites and 
also viscosity of suspensions and emulsions containing clusters With different number of 
particles are calculated and compared with experimental data as well theoretical 
relationships. Comparisons show good agreement. 
This work has vaulted in very promising model to describe of a modeling of emulsions 
behavior. Theoretical dependencies of the effective viscosity on the volume fraction of 
droplets are deduced in two cases: developed flocculation and low flocculated emulsions. 
The new theory takes into account flocculation of droplets. All clusters in the model of 
low flocculated emulsions, except singlets, have equal packing density 'Y m' This model 
includes one fitting parameter ('Y m ) which yields very accurate fits for experimental data. 
The comparison of the theory predictions with experimental data shows good agreement 
in both of the deduced cases. 
The effective diffusion coefficient in porous media is also calculated by the mean field 
approximation method. Comparison shows good agreement with the experimental data. 
Fluid flow in porous media is frequently described by the Brinkman equation. These 
equations include two semi-empirical parameters: effective viscosity and permeability. 
The system of two differential equations for the calculation of the effective viscosity and 
permeability is developed. The solution of this system is compared with the result of 
computer simulations and analytical dependencies published by other authors. 
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Our new method is applied for the calculation of elastic properties of different composite 
materials: rubber/polymer sheets with cracks, laminated composite materials, composite 
materials with more than one type of inclusions. In each case deduced theoretical 
dependences are compared with available experimental data. In the case of 
rubber/polymer sheets with cracks this comparison shows a very good agreement with 
experimental data. In the case of concretes the comparison shows better agreement with 
the experimental data than the frequently used Mori-Tanaka method. 
Successful application of the mean field approximation method for description of the 
elastic properties of rubber/polymer sheet with cracks is the first step for description of 
the transport properties of similar membranes with crack-like pores. Crack-like pores are 
more effective than fiber-lIke pores membranes because area of membranes is used more 
effectively. 
The influence of cluster fonnation on effective properties of dispersed, composite and 
porous matenals has shown in this thesis. However, the cluster size distribution in 
suspensions and emulsions, its dependency on the colloidal and hydrodynamic conditions 
(applied shear rate) is the subject for future investigations. At the moment we can only 
propose a new model of cluster fonnatlon. This model must be evaluated in the future. 
Depending on the cluster size distnbution the rheological behaviour of emulsIOns and 
suspensions differs significantly. Therefor the rheological behavior of emulsions must be 
further investigated. 
In this connection a theory of aggregationldisaggregatlon, that is, reversible coagulation 
will be investigated In the future. The process of flocculationldeflocculation in 
emulsions/suspensions is of vital Importance, however, a reliable device for the 
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experimental determination of cluster distribution in suspension or emulsion does not 
exist. This problem deserves special research. 
Surfactants (surface active agents) are organic chemical wetting, cleaning and 
dismfecting agents. They find a wide utility in such diverse products as detergents and 
washing compounds, water softeners, textile softeners, antistatic agents, lubricants, 
plastics manufacture, shampoos, cosmetics, and medicinal agents. The process of micelle 
formation results in existing of long- lived aggregates at some special concentration of 
surfactant molecules (CMC). Properties of emulsions with surfactant molecules can be 
investigated using our method in future. 
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INFLUENCE OF CLUSTERS FORMATION ON VISCOSITY OF CONCENTRATED SUSPENSIONS 
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ABSTRACT 
Dispersed particles can form clusters even at low 
concentratlons CollOidal and hydrodynanllc forces are 
re5pOIlSlble for thls phenomenon and these forces 
detennme the structure and SIZe of clusters. It IS assumed 
that clusters can be charactcnsed by two averaged 
parameters. (I) mean concentratlon of partIcles mSlde 
clusters __ and (n) mean devtatton of fnCbon coeffiCients 
of ChL<;ters, P, from the same value for sohd particles. A 
dlfferentlal method IS used for the denvatIon of VISCOSIty 
dependence on concentrnbon of dtspersed parbcles, talong 
mto account cluster fonnabon 1be dcnvcd dependency of 
VISCOSity on concentration IS the same as IS the well known 
Kneger·s equallon except for a dtfferent phYSical meamng 
of parameters. A mechamsm of cluster fonnabon 15 bnefly 
dlscus.<;ed. Companson WIth available cxpenmcntal data 
shows a good agreement WIth the theorebcal predlettOns 
KEYWORDS VISCOSITY, SUSPENSION, CLUSTERS 
INTRODUCTION 
The dlfferenltal method has been used for 
determmabon of effecttve properltes of non-homogenous 
med13 Druggeman [I] fIrst suggested the dtfferentJal 
method and then It was used for the dctcrmmatIon of 
VlSCOSIty of concentrated suspensiOns WIthout cluster 
formatIon [2.3] EIasbc properues of sohd non-
homogeneous matcnals were mvestlgatcd With the help of 
the same method [4,5] 
• • 
• 
T 
2 
.. ~ .. ~. 
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..... c; •• ~ 
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Figure Schcmabc explanabon of dIfferential method 
I suspensIon WIth volume concentralton y of dtspersed 
particles (suspensIOn I). 2 cffecbve homogeneous bquld 
WIth the same VISCOSIty as suspension I. 3 suspenSIon With 
volume concentrabon y+Ay, where Ay<<!>(; 4 liqUid 2 With a 
small volume concentratIon ily of dispersed partIcles 
The essence of the dlfferenbal method IS cxplauted 
here usrns, as an example, a concentrated suspCllSlon of 
parhcles, wluch do not form clusters. In FIgure I a 
schematIC of the dtfIerenbal method IS presented ConsIder 
suspens10n I With a volume concentratIon y of dtsperSed 
parhcles Dependency of VlSCoslty of thts suspensIon on 
cOllCentratlon~ 11(Y). IS to be determmed. Let a new 
homogeneous bqUld 2 be mtroduced It IS assumed that 
bquId 2 has the same VlSCOSlty as suspensIon 1 Now let a 
small number of particles With ,oncentralton tiy. where 
IJ.Y<"'Y. be added to both suspenslon 1 and ~qwd 2 In thls 
way two new suspensions are obtatned suspenSIon 3 '\'lth 
4-102 
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parllcle concentratIon y+.ll:y and suspens10n 4 WIth low 
concentration of particles Ay It must be taken mto account 
that added particles change the total volume of 
corrcoqx>ndmg Su.<;pcnsl0ns. It IS unportant to note that 
accountIng for this volume change means an mtroducl1on 
of a sunplest hard core model of partLcle-pamcle 
mtcractlon VISCOSIty of su'Jpenslon 4 WIth the low 
concentratIon of partlcles. Ill. can easlly be calculated 
USlDg Emstem's model The mam assumpbOD of the 
differential method IS vi~oslty of su~pensfons 3 and 4 
are equal 
Usmg tlus hypothesIs a dliferentlal equatIon for 
VISCOSity dependency on concentrabon, 11(1), can be 
deduced [2,3] The solutIon to tlus equatIon IS 
1)(r)=~ 
1), (l-r) 
(1) 
where 110 IS the VISCO'Uty of the pure lIqUid The 
exponent 25 stems from Emstem's equation. 
CollOIdal and hydrodynanuc lDteracbons between 
particles recruit ID a fonnatton of doublets. triplets and 
rugher clusters [6] Aggregalton ofparttcles IS accomparued 
by destructIon of aggregates caused by fuute depth of the 
colloulal potential well and/or shear stress apphed As a 
result a dtstnbutlon of clu"'cr S17CS IS formed 10 the 
suspension. ObViously the presence of clusters drastically 
mtlucnces VI'lCO'Uty of concentrated su.<;pcn~lons 
The dttTerenbal method IS apphed below for the case 
when dlSpersed partIcles fonn clusters It IS supposed that 
(i) an average paclang density of smgJe partIcles lDSlde 
any cluster, 1l1li:';' does not change With concentrabon 
and cluster SIZe; 
(ii) a hqwd-c1uster fnetton can be descnbed by a smgle 
parameter. P, wruch IS mdependent of concentrabon 
and cluster SlZe 
The latter parameter may be explamed usmg the 
followmg example Let two sphencal partIcles With the 
same dl3lDeter, d, be consIdered the flISt one IS a solid 
particle, the second one IS a partIcle composed of smaller 
particles (a model of a cluster) A metlon force exerted on 
each of the parbcles under consIderation will be different If 
both parltcles are placed m a hqwd flow Let P be a rabo of 
the fnctlon force ID the case of the composed parttcle 
(cluster) to the correspondmg force exerted on the solid 
parllc1e The fnctlon force IS changed m the case of the 
compo<;cd parbcte becalL<;e of two rca<;<)Os (a) the sohd 
surface exposed to the liquid flow IS smaller than ID the 
case of the so~d partIcle, (b) the bqwd flow partIally 
penetrates lDSlde the composed parbcle The two trends 
mentioned, (a) and (b). change the value of P rn dJffcrcnt 
ways the value of P decreases due to reason (a) and 
lDclreases due to reason (b) That IS, a complex Interplay 
detennmes P value Devtabon of cluster shapes from 
sphcnclty IS an addlbonal cau<;e of change ID the value of P 
[7] 
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Accordmg to Etnstem~s rolaboo the VISCOSity of 
SUSpenslOD at low concentrabons of dtspersed partIcles IS a 
hnear function of volume concentrahon "f 
'1(r) = '10 + 2.517,r (2) 
If partlcles fonn clusters the latter equatIon must be 
modified. Frrst, cluster concentration, 'Yco IS chfferent from 
the stngle partIcle concentrabon 'Y and is gtven by the 
followmg relatIon 
(3) 
where "(IIIIX IS an averaged particle concentratIon IDSlde 
clusters Secondly. accordmg to the PreY1.0US conslderat1o~ 
fuelloD coeffiCIent of clusters, P IS different from the 
correspondmg value for sohd particles. Hence, Emstem's 
relatIon (2) must be modified ID the case under 
conslderabon. 
(4) 
A dJ.fferenhal equaboD, wbtch descnbes dependence of 
suspetlSlon VISCOSity on partIcle concentrabon, IS denved ID 
the Appendix. The solubon to that equatton IS 
11(r) 
110 
( r )"P 1--r_ 
(5) 
Eq (5) almost comcldcs WIth Kncger's equallOD [8,9] 
( r )"lY_ 1--r_ 
(6) 
where [1111S an mtnnslC VlSCOhlty It IS easy to conclude 
that Eqs. (5) and (6) cOtnClde Ifwe adopt 
p = ['1lr_ (6a) 
25 
It IS necessaJY to stress here that, m spite of a strikmg 
snmIanty of Eq~ (5) and (6), a phy.ncal mearung of 
parameters mcluded m Eq (5) IS qUIte dIfferent from those 
used m Eq (6) Accordmg to the thcory developed above, 
VISCOSIty dependence on concentratIon 18 related to cluster 
formatIon and thJ.s phYSICal phenomenon 18 mcorporated m 
Eq (5) 
,n 
Figure 2 Relattve VISCOSIty as a fimcbon of volume 
concentratIOn of dl~~d partIcles Expcnrnental pomts 
from revlew [IOJ ,sohd hoes ac<:ordmg to Eq (5) 
with dIfferent values ofYma: and P 
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A comprehensive revtew of expenmental data of 
VISCOSIty dependency on concentratIon of dltrerent 
suspens10ns IS presented m [10] A companson of the 
dependency accordmg to Eq (5), w,th expcnmcntal data 
taken from [10], 18 presented m ngure 2. Thls shows that 
the whole array of expenmental data can be descnbed 
usmg Eq (5) 
1 "Imax=l, P=l (partIcles do not form clusters) 
2 1_0{).73, po{) 61, 3 --.0{) 65, P--O 67, 
4 1_0{) 56, P=O 72 
WHY DO CLUSTERS FORM? WHY ARE THEY 
POL YDISPERSED? 
A bnef explanahon of a cluster formatIon mechamsm 
IS shown below and It IS argued that clusters are always 
polyruspersed Only equthbnum cluster dlstnbutIon IS 
considered below Let 01 be a number dcmilty of mlbal 
particles, Du. 1'=2. be a number density of doublets., 
tnplets and btgher clusters. here 1 IS a number of smgIe 
parbclcs m a cluster It IS supposed that exchange between 
clusters goes by one partIcle a bme Takmg mto account all 
poSSible events WIth a cluster of Size 1 the followmg system 
of algebraiC equattons can be deduced., whIch descnbes a 
steady state condttIon of the dtspersed system 
O=bn,_,n, + ani., -an,-bn,n, ,,~2,3, (7) 
With the condrtlOn that the total number of partIcles 18 
concerved 
I.tn, =N. 
1_' 
(8) 
where No IS a fixed number concentration of smgle 
partIcles, a/b are reaction rates of the process of the 
disconnectIon/connectIon of a smgle partIcle to/from the 
clusters. Reactton constants a, b can be determmed VIa the 
shape of mteractlon potentIal between parllcles. 
The solulton to the system of equatIons (7)-(8) IS as follows 
1 f. = --::--7==== 
a+O.5+.Ja+O.25 
a'-I 
",[a-+....,-0.",s-=+:.:j'"a-+-0-.2-S-.r ,'~2,3, • 
(9) 
(10) 
wbcreJi IS the fractton of clusters contammg 1 partIcles, 
a=bNoIa IS a dunenSlonless concentratIon 
APPENDIX DERN ATION OF EQ (5) 
It IS supposed below that dispersed partIcles fonn 
cluster of dJfferent SIzes but \Vlth the same packing denSity 
'Y_ mSlde each clw.ter. whIch IS an average value Figure 3 
18 used below for the denvabon With a sbghUy modified 
legend (see below) 
Let Vp be the partIcle's volume ID suspension I, Yp + 
.6.Vp IS the parttcle's volume ID suspension 3 Llqwd 2 did 
not have particles lDltlally, so the partIcle's volume In 
suspeDSlon 4 1S .6.V,. Let Y be the volume of sllSpens10n 1 
and hqwd 2, then V + AYp IS the volume of suspenstons 3 
and 4 Let "le be the cluster concentratIon m suspension 1. It 
follows that 
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(11) 
where y IS the volmne concentratJ.on of smgle partIcles 
m suspensIon I, Y, IYma: IS the volume of all clusters m 
suspenSIon 1 
0,3 -,--.-----------, 
0,25 
0,2 
0,15 
0,1 
0,05 
0~--~--~--_+--_4--~ 
o 2 4 6 8 
figure 3 FractlOns of smgle partlc1es, doublets, tnplets and 
quadruplets as funct10ns of duncnSIOnlCSS concen1ration a 
according to Eqs(9-IO) I-smgle partIcles, 2- doublets, 3-
tnplets,4-quadruplets 
The ann IS to calculate the suspension VlscOSlty.l1(Tlo. 
'Ye), as a funct:J.on of cluster conccntratJ.on 'Ye and VlSCOSlty of 
surroundmg medIa, "1> It shou1d be noted that the notatIOns 
used below are slightly different from those used m the 
roam text Usmg tlus new notatIon, the VISCosity of 
SUSpetlSlOD 1 and hquld 2 can be expressed as 11(110. yJ and 
'1('1('10,1,),0), respec.vely 
Let A JJ ~ be the volwne concentrauon of clusters m 
suspensIon 4 
(12) 
The concentration of clusters m suspensIOn 3, 'Yc+..6:Ya. can 
be deduced m the same way as m (11) 
(Vp + .iV, )11~ 1 +.i 1 - -'-....<...-::---,~"'-='-
C c- V+AV 
p 
(13) 
Let an new clusters fonned by added parbcles be 
WIthdrawn mcludmg the hqwd whIch penetrated roto these 
4-104 
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clusters. In that way a new suspenslon wIth a different 
cluster concentration ~+4~ IS obtamed Accordmg to 
prevIOUS deflDltJ.ons the cluster concentration can be now 
calculated as 
'1('1~ l\+.il\) ~ '1('1('1~l\M~ ApJ. (IS) 
Eq (15) IS the maID bypotheses of the ddTereotJaI 
method and It glVes a differentIal equnbon for V1SCOSlty of 
the suspensIOn based on the concentration of dISperSed 
par1lcles, m the case "'hen partIcles form. clusters. Now 
usmg a TayIor expanston and equatton (4) and keepmg 
only fU'St order tenDs 4)'<,. 4~ ~ one can obtam a 
rufferentIal equatton solubo~ gtven by Eq (5) 
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Determination of the Effective Viscosity 
of Concentrated Suspensions 
v. G. Zhdanov and V. M. Slarov 
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Abstract-The problem of determining the effective viSCOSIty of concentrated suspensions was solved. It was 
assumed that clusters change the now hydrodynanucs of a suspension of a faIrly high concentration of dlspel80 
particles. The obtamed theorellcal dependence of the viSCOSity of the suspensIon OD the concentration of the 
dispersed phase IS compared to the known expenmental data OD the measurement of the VISCOSity of concen~ 
trated suspensIOns. The packing density of particles Ymu is assumed to he the same 10 all clusters and plays a 
crucIal role in the solutIon of the problem. It is posSIble to descnbe the whole set of the known expenmenlal 
data by varying Y .... from the value correspondtng to the least dense cubic packing to that correspondlDg to the 
densest hexagonal packIng. 
INTRODUCTION 
In thIS work, we apply a dlfferenbal method to cal-
culate the dependence of the viscosity of concentrated 
suspensions on the concentration of a dISpersed phase. 
The differenbal method for the detenrunation of the 
effectIVe propertIes of tnhomogeneous matenals was 
proposed for the first time in [I). Subsequently [2, 3). 
the dlfferenbal method was app\ted to detennine the 
effective VisCOSIty of a suspension containing single 
disperse particles. The same method was apphed [4.5) 
to determine the effective elasbc properbes of maten' 
als. In (6). the dIfferentIal method was used to calculate 
the coeffiCIents of VIscosity and penneablhty of a 
porous medium (BrmkInan's medium) 
sion 3. Smce the same particles are added lI> suspension I 
as to liquid 2. then IJ. V' is the volume of particles in sus-
pensIon 4. Let Y be the volume of suspension I and 
hquid 2, and Y + IJ. V' the volume of suspensIons 3 
and 4. We detennined the concentrabon of clusters y" 
in suspension 1 as 
In thIS work, the dIfferential method was general-
ized for the case where partJcles in a suspension are 
able to fonn clusters. The developed theol)' was applied 
to calculate the viscosity of a concentrated suspension. 
I. DIFFERENTIAL METHOD 
Let us call a SllSpeDSion contauung porous particles 
suspension 1. and a homogeneous liquid of the same vol-
ume as that of suspension I,liquid 2 (Fig. I). In addition, 
let us introduce the same porous paruc1es of volume IJ. V' 
to both suspension I and liquid 2. Thus, we obtam suspen-
sions 3 and 4. respecbvely. The main assumpbon of the 
dtfferenbal method IS the coincidence between the effec-
bve viscosities of SUspensIOns 3 and 4 
Below, it is supposed that the disperse particles in a 
concentrated suspension fonn clusters of vanous sizes, 
but having the same paclclOg denSIty r"",. 
Assume V' to be the volume of partIcles ID suspen-
sion I. and V' + IJ. V' the volume of particles ID suspen-
• _ Vir .... _ J.. 
r - -Y- - r .... : (I) 
where r is the volume concentration of single particles 
in suspension I and V>fy_ is the volume of all clusters 
~OOo .~ 
.. 
3 
·o·~ .. 
2 4 
Fig.. 1. Schemaltc representatlon of the differential model 
For the explanation see the text 
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ID suspensIon 1. Define On adding additional clusters to suspensIOn I, we 
obtain suspensIOn 3. As assumed, the added clusters 
have the same SIze dlstnbutlon as the clusters in the ini-
(2) t .. 1 hquid, the same packing density Ymu of single par-
IIcles, and are "dry." After the clusters have imbIbed the 
hquid, we replace the remaining quantity of the suspen-
sIon by a medIUm WIth effective propertIes, the viscos-
Ity of this medium bemg equal to 1\(1\., Y" + 1;>. The 
concentration of the clusters composed of additional 
where il'S the volume concentration of clu.ters in sus-
pensIon 4. On adding the volume lJ. t6 of partIcles to the 
suspension, the volume of the whole suspension 
increases by the same value lJ. t6. Consequently, 
particles in suspension 4 will be equal to JL The viscos-
Ity of suspensIon 3 by definition (5), is, obviously, 
, ., (v> +lJ.V»/y ... 
1 + ... 1 = _ob' 
V+lJ.v 
(3) equal to 1\(1\., Y" + lJ.Y"), where Y" + lJ.Y" is the concen-
tration of all clusters in suspension 3. Hence, equating 
the viscosities of suspensions 3 and 4, we obtain 
where Y" + lJ.Y" is the concentration of the clusters in 
suspension 3. 
Let us detennine the concentralloD of the clusters 
Y" + ~ in the suspension, whIch should remain if all the 
clusters fonned by the add,t,onal particles together 
with the hquid imbIbed by these clusters were removed 
from ",spenSlon 3: 
(4) 
Assume that the desired viscosity of the suspension 
IS preassigned by the dependence to be detennmed, 
1\ = 1\(1\.,1"), (5) 
where 1\. is the viscosity of the dispersion medIUm. 
From relationships (lH3), we find an mcrement of 
the cluster concentrallon aY": 
Hence, we detennine the value of J!, 
_ ay' 
11 - I-y"y •• ; (6) 
Now, using relationshIps (I), (2), and (4), we find 
the value of~, 
~ = v> Iy""" V· Iy"", 
V +aV> -aV> Iy"", --V-
= y,II-IIY .. ,. 
1-11 
Smce 11 is a small parameter, we ignore it in the 
denominator of relallonshlp (7) Using relationships (7) 
and (6), we obtain the follOWIng expression for the 
value of~' 
• lJ.y" 
., = Y*II(1-y"",) = Y*(I-Y"')I_Y.Y ... (8) 
• 
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1\(1\., Y" + lJ.Y") = 1\(1\(1\., Y" + 1;>,11)., (9) 
Equation (9) is just the main assumption of the dlf-
ferenbal method. 
Let us mtroduce the function 
(10) 
Expand the left-hand side of relabonsh,p (9) by the 
Tay lor's formula, which gives 
1\(1\ .. y* + lJ.y") 
= 1\(1\ .. y*) + ~~lJ.Y' + o(lJ.y'). (11) 
Usmg defimtion (10), we expanded the right·hand 
SIde of relallonship ID the same way (9): 
+1\~(1\(~ .. y" + ~),II)I~ •• II 
••• 
+1\~(1\(1\ .. y' + ~),II)lt 0 .~ + 0(14~) 
.0. (12) 
+ 1\~(1\ .. Y* + ~)Ito.~ + 0(11, ~) 
= 1\(1\ .. y*) + A(1\)1I + ;~~+O(II'~)' 
In denv,lng relationship (12), we used equallbes 
1\(1\(1\., Y"), 0) = 1\(1\., Y") 
and 1\(1\(1\.,1" + ~), 0) = 1\(1\., Y" + 1;>, 
whIch follow from the fact that, If the concentratIon of 
a dISpersed phase IS equal to zero, then the suspenSIon 
as a whole consIsts of the dISpersIOn medIUm 
COU-OID JOURNAL VoI 60 No. 6 1998 
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From relationships (9). (11). and (12). we obtain the 1]/11. 
folloWIng expression: 
(13) 
On substItuting the expression for JI from relation-
shIp (6). and that for ~ from [8] into (13). we obtain 
~ = A(1]) + dl1 y*(I-y"",). 
dy* I-y·y... dy' l-y·T ... 
After making some transformations in this relation. 
we denve a differential equation 101 
~ _ A(I1) 
dy' - I-y' 
WIth an evident boundary condItion 
11(11 •• 0) = 11.· 
(14) 
(15) 
DIfferential equation (14) with the boundary condi-
tion (15) defines the desired dependence of the effective 
viscosity of the suspensIon on concentration. For the 
complete definition of equation (14). It is necessary to 
know the dependence A(I1). whIch will be denved 
below. 
The viscosity 11 of the suspension WIth a low particle 
concentration y is (ElnsteIn'S formula [7]) equal 10 
11 = 11. + 2.5I1.Y· (16) 
In derivmg Einstein's formula (16). the fncuon of 
the partIcles against the surrounding liquid dunng their 
motion was taken mto conSideration. In our case, the 
formation of clusters resulted in the friction of c\usteB 
both with liquid and WIth each other. That is why for-
mula (16) must be replaced by the fonowing expres· 
sion' 
(17) 
where F IS the empirical parameter accountmg for the 
aforementioned effects, wIDch cannol be determined 
withm the framework of the theory under consider-
ation. 
Using relallonships (17). (I) and definition (10). we 
arrive at 
A(I1.) = dill = 2.511.F• (18) 
dy' T". 
Solution of equation (14) with the boundary condl· 
lion (15) and accountIng for relationshIp (18). yields 
( 
y )-:UF 
11 = 11. 1-y... • (19) 
wbere y IS the concentratIon of the dISpersed phase in 
the suspension. The formula (19) IS the destred theoret-
ical dependence of the effective suspension vIScoSIty 
on the concentration .of the dISpersed pbase. 
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01 03 O.S 0.7 
Y 
Fig. 2. IJependences of ''''''''Ity on the di,pened phase 
concentrabon in accordance With equabon (19)" (1) Tmu = 1. 
F= 1 12-4];(2)r .... =013.F=061:(3)1~=06S. F= 
067; (4)1"", = 0.56. F=072 
2. COMPARISON 
WlTII TIlE EXPERIMENTAL DATA 
The results on the determination of the dependence 
of the Viscosity on suspension concentration were ... 
reviewed m [8. 9]. 
.1; 
The expenmental data and the curves plotted from "; 
the relationship (19) at chfferent values of parameters .' 
T .... and F arecompan;d in Fig. 2. Curve I was obtained, : 
in [2-4]. '-: 
As fonows from Fig. 2 the whole body of the exper- ' -
imental data is described by equation (19) WIth parnn\o .-
eters Tmu and F, varying withm the following ranges:._ 
0.56 sy""" S0.73, 0 61 SFSO.72 Note that the param- -:. 
e!er F VIrtually remains constant, even when cluster c' 
packing density changes sigmficantly 
The packtng densIty y_ = I for curve I corre-
sponds to the case where eacb cluster consists of only 
one particle. The paclang densIty y"", = 0.73 for curve 2 
corresponds to the denSIty of bexagonal packing. The 
packing densItIes y_ equal to 065 (for curve 3) and 
0.56 (for curve f) are close to body centered cubic and 
SImple cubIC packtngs. respectively. 
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b 
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1. IntroductJoD 
antl-symmetnc urnt tensor 
constant tensor 
stress tensor 
sphencai surface 
Darcy 
Bnnkman 
concentrated suspension 
bqUld phase 
particles 
pure hqUld 
mdexes With values t. 2, 3 
VISCOUS flow of a hquld ID a porous medium IS 
frequently model1ed usmg Darcy's equatiOns 
grad p = - K.,(y)u (I) 
where Ko is the porous medJum bydrodynanuc 
resIStance (l/KD IS the porous medium penneabd-
Ity). "f IS the particle volume concentration «I) = 
1 -"1 IS porosity). p and u are the pressure and 
average velOCIty. respecllvely. Eq. (I) should also 
be coupled Wltb the IDcompresslblhty equation 
(2) 
ThIs model suffers from a well-known disad-
vantage that It 15 impossible to match flows inSIde 
and outside the porous medium To overcome this 
difficulty two different approaches have been suge 
gested a shppage at the boundary between flows 
mSlde and olltslde the porous medtum approach 
[1) and Bnnkman's equatIons [21 In the former 
approach, an empmca1 slippage coefficient IS 
defined. whereas ID Bnnkman's approach two, 
physically meanmgful, coefficients are mtroduced 
an effective VlSCOSlty. l1B (which IS obViously du-
ferent from the hqwd VlSCOSlty 110) and the porous 
medium resistance coefficient, KB Bnnkmao's 
equations have the foUowmg form 
(3) 
Eq (2) should also be conSIdered 
Let La be a charactensltc length scale for Eq 
(3) Thls length scale can be determined ID the 
followmg manner both terms ID the nght-hand 
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~de of Eq (3) have 10 be of lbe same order of 
magmtude Tbls reqwrement gIVeS "..'Ll=Ka. 
or La"" J"alKB' where La IS referred to as the 
'Bnnkman's length'. If the distance L m the 
depth of the porous medium and remote from the 
porous me<hurn-hqwd mterface satlSfies 
the foUowmg mequabty L» Le. then the VISCOSity 
tenn ID the nght hand Side of Eq (3) can be 
neglected and Bnnkman's equations comclde 
With Darcy's equations (1) Thts conSideration 
shows that hydrodynamIC resistance In both equa-
tions are equa1, that IS, Ko - KB Kozeny-Car-
maD and Happel-Brenncr equations [3] are 
frequently used to descnbe the dependency of 
hydrodynamic resistance on porosrty and parttcle 
radiUS 
The porous medium resIStance. KB• vamshes In 
two cases either when concentration of the parti-
cles IS zero (I e for a pure liqUid, when '18 = 'lOo 
where '10 IS the pure liqUid VISCOSity) or when tbe 
particles move WIth the same average VelOCIty as 
the bqwd (concentrated suspension) ]n the latter 
case 'la = 'Is, where "5 IS the VISCOSity of the 
concentrated suspenSIOn The last observauon 
gives a very unportant hint, namely. the depen-
dency of "a on partlcle concentration should be 
close to the VISCOSIty of concentrated suspension 
Wlth the same particle concentratlon 10 the case 
when Ka IS small enough It IS well known that 
the dependency of Ifs on particle volume fractIon 
IS an lncrea5lDg function of partIcle volume frac-
tlon,., Consequently, It IS reasonable to assume 
that ,,_ dependency should also be an mcreasmg 
function of partICle volume fraction In contrast 
to thiS assumptIOn, a decrease of effectlvc VISCOS-
Ity WIth partIcle volume fraction 'I has been pIe-
d>cted (4J 
1. CakulatJoll of viscosity and bydrodynamic 
resistance la Brinkman's equations using the 
dIfferential model 
Let us define and conSider four dllTerent media 
(see Fig. 1) as follows. 
(I) Porous medium 1. denoted as PM). Wltb a 
volume fraction of solId particles, 'I 
V. 1a~ (4) 
where VI and V p are the volumes of the bqwd and 
particles, respectIVely A3 the partiCleS are all 
sphencaJ, Yp - 4/3 1UJJn. where a and 11 are, re-
spectively. the par1.1cle radlus and the number of 
particles In this volume The hqwd flow ID PMt 1$ 
assumed to obey Eqs (2) and (3) The dependen-
cies of effecttve VlSCOSlty 'lab') and the resistance 
coeffiCient KB(y) on y have yet to be detennmed 
(2) A homogeneous Bnnkman's medium. de-
noted as BM2, where the bquld flow IS descnbed 
by the same Eqs (2) and (3) With exactly the same 
VISCOSIty '1a(Y). reststance coeffiClent Ka(Y) and 
volume as for PM} In contrast to PMl, 8M2 lS 
supposed to be a homogeneous medium Without 
any solid particles at all. 
Let a small Dumber of parucles. h, be added 
to both porous medium 1 (PMl) and Bnnkmao's 
medIUm 2 (8M2) TIns addition results ID a new 
porous mednnn. denoted as PM3 and a porous 
medtum from BM2, denoted as PM4 (FIg. 1) 
Media PM) and PM4 have a greater volume, 
VI + Vp + 6Vpo as compared With PMl and BM2, 
where ~V,-4/3 1rQ. l 3n 
~!Jt • ,~ 
• • • •• 
! 
T·6r 
0 • 0 • • ~ 
8Ml PM< 
FIg. I Dtfferenba) method Porous medium I (PMI) Wltb 
particle coocenlrabOA " VISCOSIty '1'/'1). rmstance c:ocffiacnt 
x.M. HOlllOgeIlcoUl Bnnkman medium 2 (8M2) With the 
same VISCOSIty, resIStance coefficle1lt. and volwne u PMI 
Porous medium) (PM) with added parbC!es. concentratIOn 
1+ 67. VISOO5lty .,'<7+ 6,). rmstance coefOOent K.<7+ 67). 
Porous mecbum 4 (PM4) With the same added amount of new 
particles lIS m PM), 5IDalI panICle COllCUltratJon, 6p 
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In the development that fonows only small 
quantttles of the first order are retamed 
The particle volume fraction in PM3, y + Sr, IS 
V.+~V. _ V.(I+~) 
1+~1 - -V,+V.+~V. (~ ~\ I ~) 1+ pJ +v,+v. 
I • 
'" • I +:":"!---"-'-"- = 1+ (1-1)~P. ~ ~v. ~V.) v.+ Vp Vp J)+ Vp (5) 
where bp = (b' Vp)/CV1 + V pllS the particle volume 
fraeltOD inside the PM4. 
The bqwd How ID PM3 1. descnbed by Eq. (2) 
and (3) but at concentration )' + 67 instead of ,.. 
I e. Eq (3) transfonns mto 
grad P=~.(1+01)~u-K.(1+~1) u (6) 
The particle concentration 10 PM4, 0P. accord-
mg to Eq (5) can be expressed as 
op_.!:L (7) 
1-1 
It IS recalled that BM2 IS supposed not to have 
any particles at all and to be a homogeneous 
medIum Addition of a small number of particles 
WIth concentration bp results in a small change 
both VlSCOSlty, 0'lB. and reslstance coeffiCIent, 
oK •• ID PM4 The latter small changes are obVi-
ously proporuonal to Oil. I e we can wnte 
o~. = A.(~ •• K.)op. oK. - AK(~ •• K.)o!' (8) 
where A.,('1a. KB) and AK ('1a. Ksl are two un-
known functions The main objectlve becomes 
one of ca1culahng these two unknown functlons 
Let us suppose that these two functions have 
been already detennmed In thiS case the bqwd 
flow m PM4 would be descnbed by the foHowlng 
equatlons 
grad P=[~.(1)+A,(~ •• K,)§!,]~u 
- [K.(1) + AK(~" K.)o!']u (9) 
The main assumption of the drlTerentIal method 
IS as foHows The VISCOSIty and resIStance coefft-
crent Ul porous medIum 3 and porous med,um 4 are 
equal Usmg t1u. cond.1Ion from Eqs (6) and (9) 
we obtain. 
171 
~.(y + oy) - ~.(1) + A,(~ •• K,)~!, 
K.(1+o1) = K.(1) + A,,(~ •• K.)o!' 
A simple rearrangement of the latter equations 
usmg Eq. (7) results In the following system of 
two dtfferentlal equations 
d~. ..4.2("a, K B) 
d1 (1-1) 
dK. A,,(~ •• K.) 
d1 (1-1) (10) 
Wlth the obVIOUS boundary conditions 
(11) 
ThIs system of two ordinary dIfferentIal Eqs. 
(10) With two boundary conditions (11) can be 
solved directly 
30- Determination of two unknown functions 
A,(, •• K,J 80d A.(, .. K,J 
Accordmg to Its defimtlOn, BM2 IS a homoge-
neous medium and Eqs (2) and (3) describe the 
bquld flow ID thiS medium After addItion of a 
smaH number of partIc1es, dn. to BM2 It trans-
forms mto PM4 The most unportant observation 
15 that the volume fractIOn of partIcles ID PM4, 
Oil. is very small and, hence. particles are located 
far from each other and their hydrodynamiC IDter-
aeuon can be neglected. In other words, ID PM4 
one may conSIder Bow ID homogeneous medium 
around an isolated particle 
Let us conSider an Isolated particle placed In 
BM2 subjected to two different flow regtmes' (a) 
homogeneous flow WIth constant velOCIty U. and 
(b) exteoslonal flow (In both cases remote from 
the partIcle) ConslderatJon of both flows IS close 
to that ID (5) ConSideration of flow (a) gives us 
the unknown functton AK(1JB, Ka) ConSideration 
oC flow under condItion (b) above gives a VlSCOSlty 
change, which detenmnes the unknown function 
A,,("B. Ka) Detailed denvattons are presented ID 
Append.x A (Eq (AI6» and AppendIX B (Eq 
(823». respectively Substitution of these depen-
denCies IOto Eq (10) results ID 
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(12) 
o 1K.+6+~+....!1... 
";;;/KB a2KB 
W,a Ksa 2 a ~ '1B 
d,=-6- (1-7)(1 +at:) (13) 
WIth boundary conditIOns (11) 
Let us mtroduce two dlmenslOnless functIons 
Z(y)=Kaa2/'100 'I(y)="aI'Io- Usmg these f~ 
ttons the system (12-13) Wlth boundary condl~ 
tlons (11) can be rewntten as 
1+ g+!~ 
dZ 9. ..;. 9. 
d7 2 1-7 
~ IS IS -+6+-+-• Z Z 
d. Z • 
;11="6 ( Z) (1-7)t+. 
With boundary condlttons 
Z(O) - 0 
.(0) - I 
(14) 
(IS) 
(16) 
At low particle fraction, y, the dlmenslonless 
resistance coeffiCient Z(y) becomes sma11 and Eqs 
(14) and (15) can be rcwntten as 
dZ 9. I 
d7-21 -7 (17) 
(18) 
The latter system of equations WIth boundary 
conditions (11) has the followmg soluttons (revert-
109 to dimensional vanables) 
•• (y)-q,(I-y)-'· 
9"0' 512 K.(r)-s;7(I-y)- -I) 
(19) 
(20) 
Eqs (19) and (20) detenmne the dependence of 
effective VISCOSity and reSIStance coeffiCient of 
Bnnkman's medium on the volume fraction of 
particles. ,... 10 the case of low particle volume 
fractloo. Both dependenCies are mcreaslDg func-
tiOns of particle concentratlon. 1 
Dependency (9) COlDCldes WIth the dependency 
of the VISCOSity of concentrated suspensions [6] as 
It has been predicted In Section I 
It IS easy to see that Eq (20) can be rewntten as 
9 
X,(7)-i,;>I •• (7)-.J (21) 
The latter equation gIVes the dependency of the 
hydrodynamic resistance on the particle volume 
fraction. ]I, If)' 15 small Accordmg to Eq (21) the 
hydrodynamic reslstance becomes negabve If the 
effective VISCOSity 15 lower than the bqwd VlSC08-
Ity, wluch IS obViously unposslble 
Let us tntroduce the dunenslonless permeablllty 
k = I/Z = "ofICRllland investigate Its dependence 
on poroSlty rp 
Accordmg 10 Eq (21) at btgh porosity. ({J-I 
(22) 
This dependency IS shown by curve 4 m Fig 2 At 
low porOSity, tp ..... O. accord 109 to AppendiX C, 
k= llt~, and 'I = C",tp-4.130, hence 
(23) 
This dependency IS shown by curve S In Fig 2 
Curve 3 10 the same figure represents the perme-
ablhty dependency on porosity calculated accord~ 
109 to Eqs (14) and (15) Curves 1 and 2 m FIg. 
2 gIVe the permeablhty calculated accordmg to 
Happel-Brenner and Kozeny-Carman equations 
(3], respecttvely Pomts and squares show perme-
ability obtamed. by direct computer slmulatlons of 
bqUld flow In a random three-(bmenslonal [7] and 
a two-<bmenSlonal porous medium (8], cam-
spondmgly In bolh papers [7J and [8) sunulaled 
porous medium conSist of penetrattng partICles. 
which form clusters at hIgh concentratlons It 18 
recalled that accordmg to the model adopted here 
that particles can not penetrate lIlto eacb other 
and do not fann clusters It appears that mutua) 
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Iog .. .t 0 
-1 
-2 r _""''''' 
-3 
Fis. 2 Depeodcace ofrelatlYC permeability, k _ "o/X,p.l of the 
porous medium on poros1ty 9'.1-7 (I) -. aceordm, to 
Happd-Brenet equatJoo (3). (2) -. aa:ordmJ to Komly-
CarmaD equatlOD (31 (3) -. caJcuJalcd accordmllO EqL (14) 
ud (IS), (4) - - -, b.gh porosity uymptotc. '1 .... 1, aec:onhng 
to Eq (22). (5) 0-0-0, low porOSlty asymptoce, 9'_0, 
ac:cordmS 10 Eq (23). 0, rrom Clncetbere et at (8). .0 from 
KopoDCQ et aJ (7). 
particle penetratIon and clustenng lS more Impor-
tant ID the case of three.dunenslOnaJ porous me-
dIa [7] 1b..is results ID a close agreement of our 
prechcuon (curve 3, FIg. 2) WIth permeabIlity de-
pendency ID the case oC two-dunenSlonal porous 
medIUm (squares [8]) 
The relauve VISCOSIty at high porosity (I e at 
'1'-+1) accordmg to Eq (19) can be rewntten as 
log,o" = -2 S 10g10 lp, tp-+t (24) 
The latter dependency IS shown as asymptote 3 
ID Fig 3 At low porosity. rp_D. accordmg to 
AppendiX C the relative VISCOSity IS 
10810'1= -413010gI0 <1'-02249, 11'_0 (25) 
The latter dependency IS shown by asymptote 3 
In FIg. 3 Curve 1 represents the relative VISCOSity 
dependence on porOSIty calculated accordmg to 
Eqs (14) and (15) 
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Appendix A.. Unirorm 80" 
Force appbed to a smgle sphenca1 parttc1e ID 
Bnnkman's medium and calculation of the func-
tion AK ('1a, KrJ 
Let us conSider a smgle sphcncal parucle WJtb 
radius a placed ID a uruform flow mSlde homoge-
neous Bnnkman's homogeneous medium, de-
noted previously as 8M2 Far from the particles 
the followmg boundary conditions should be 
satisfied. 
(At) 
that IS, U1=U:z=O, U3 =U 
In the case under conslderabon a force surular 
to the Stock's force IS exerted on the partJcle and 
our aim IS to calculate tins force 
The flow obeys Bnnman's Eq (3) and the 
mcompressJ.bdlty condlllon (2) 
If we apply a rot operation to Eq (3), then we 
ohtam 
~ 100 
10 
1 01 
rp 
FIJ. 1 Dcpcadenoe of rdallve VISCOSity" ... "..1"0 or porous 
medium OD thI: porosity" = 1-1' (l08-108 co-ordlaates). I. 
SoluliOIl of Eqs. (14) and (IS)., 2, hip porostty asymptote. 
..... 1. aa:oi'dlnl!O Eq (24); l,low POl'OSlty asymptote, .. _0 
according to Eq (2.5) 
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'IBru-ot ,; - K8TOt i =- 0 (AZ) 
In the :same way as 10 rer [5] the velOCIty vector 
can be presented ID the followmg (ann 
Q- U+r.r r.r(f(r)ii) (AJ) 
where f(r) IS a new unknown functton, T = 1'llS 
the radial distance from the on81D (the ongaD 18 
selected 10 the paruclc centre) Hence. 
rota = Tot rot Tot(M 
- grad di'lr.r(M] - Alr.r(jii}] 
- - Alr.r(M] 
or 
, , 
rot~= :E EIjtVtUJ- - L eI}kUIt~Vjf= 
J.It-1 1.It-1 
, X 
-if L e",U,'" 
M-I T 
where E"" IS the antJ·symmetnc umt tensor 
(e l23 =I, Eqt= -Ejl!_ -Ea) 
Substitution of the latter expressIon m Eq (A2) 
gtves the followmg equation for determmatlon of 
unknown functlOnJtr) 
O-(A'I'(r)_K'Af'(r»)t E"U,:" (A4) 
'I. !.)t-t T 
It IS obYlous, that IJ.hleIJltUIt~"'O everywhere, 
r 
hence Eq (A4) )'lelds 
(AS) 
After substItution f= I/I,r, where "'(r) IS a new 
unknown function, and integration Eq. (AS) can 
be wnttcn ID the followmg fonn 
~'"'(r) I. ~"(r) 
------= const 
r '1. T 
(A6) 
An IDtegranon constant should be set to zero 
because the ftuld velOCIty remams finite far from 
the partIcle Eq (A6) has the folloWing solution" 
~-G+Qr+M exp(Jff"r) +N 
cxp-(if.) (A') 
where G. Q. M and N are mtegratlon constants 
Takmg mto account boundary condition (AI) the 
latter equation gtves 
Eq (A3) can be rcwntten as 
"," u,+grad dIVfU,-4fUtt i= 1.2,3 
From Eqs (AS) and (A9) we can conclude 
exp-( /K.r) 
Ka V;;; u, 
O. r 
(AS) 
(A9) 
~exp-( /K.r) jf;exp-( /K.r) , • ...J-;;;'.. Ka ...Jr;; ~ .. - 1 U,+3 1 n/~n)~ 'I_ r l1a r )-1 
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The latter equatlons and non-slip conditions at 
the partlCle surface r = a dctermanc value of COD-
stants G and N 
N=~exp(kQr·G= 
3ex~§..) •• ) 
0 1 K. ~' I 3$,' 3 •• - +--+ 2 a Ka alKa 
(All) 
All functlons underconstderauon below (compo-
nents of velOCity vector, VISCOse stress tensor and 
pressure) are presented as F= p(Ol + F(I). where 
ji10) IS caused by the flow far from the particle and 
£<1, IS caused by the presence orthe particle Below 
we are mterested only ID values caused by tbe 
partIcle and. bence. ID first order terms Superscnpt 
(I) IS onutted 
The pressure can be calculated after substItution 
ID Eq (3) the velOCity expresSIon VIa runchon./tr) 
(Eq (A3l) 
grad p=grad('1aMwJU-Ka dIVJij) 
- ( •• OA,/- K.OA/) 
=grad ("aMt.,/O-KB dlrJM 
And after mtegratlon: 
p - •• Ad" Jii - Kadm Jii 
Usmg Eq (AIO) the latter equatton gives 
P=(KB~-'1B~tXJ~ (AI2) 
r "iJ}'_1 
where constants G and N are glven by Eq (All) 
Let us rcwnte the velOCIty vector (AIO) and 
pressure (AI2) usmg sphencal co-onbnate system 
With polar axe aJong the dtreCtJ.on of the velOCIty 
vector. 0 nus gives 
Components of the stress tensor at the particle 
surface. ,. _ a can be deduced uSing the latter 
expressions as 
a -(Ka~+~J1JaKB+~!l!)UCOSO 
or 2 2 2 a 
t7,s'" -(~J'1.KB+~!!)USIQ 0 2 2 Q (Al3) 
where tJ ..... er,. are components or the stress tensor 
m polar co-ordmate system The force, Fa. exerted 
to the spbencal particle accordmg to [3] can be 
calculated as. 
Fa = i (er,.. cos 8 - err8 srn 8) dl:, (AI4) 
where l: IS the parUcte surface, d:!: IS the surface 
element Eq. (Al3) and (AI4) Yield 
( Jf:. I ,K.) FB ",,61C1f,.oU l+a -+-0-
'la 9 '1a 
(AIS) 
Additional resistance cause by the presence of 6. 
partIcles mSlde Bnnkman's medium 4 IS 
AI(, = Fa611 = 3F.!Jp ... 3FafJy 
11 V 4M3 41U13{1_y) 
After substitution of Eq (AI S) mto the latter 
equation the result IS 
The latter equatIon sbows that 
U=UCOS+~2exp-(kr) k+ 2exp-(kr) 2)+2G) 
:'=-USIRO(::'(- ;'exp-(~r) exP:(l! r) ~'I :~ exp-(k ))_£) 
Ka..J-;:;;,2 ,.3,) '1a r ,3 
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~. J€. 1 ,Ko) AA: = 1+0 -+-a-201 '1a 9 '18 (Al6) 
AppendIx B. Exteusional tloW', calcuIatioa. of fuac.. 
tion A.CIIs, KB}. 
An extenslonal flow In the Bnnkman's medIum 
2 around a smgle sphere of radiUS I IS considered 
below Ongm COinCides With the particle centre 
Far from the partlCle the flow IS gIven by 
(DI) 
where all IS a symmetnc tensor, 1:1.1 'la = 0 
Bnnkman's Eq (3) and the equalloD of Incom· 
presSlbllity (2) descnbe the flow around the 
sphere On the parttcle surface non-sbp c;ondlttons 
.re 
(B2) 
In the same way as ID Appendlx A the velOCIty 
vector can be presented m the followmg fonn 
ri-tU x+rot[rot{a.Vj)1. (DJ) 
where an unknown functtOD f(r) depends on ra-
dial distance r only. IU ik- ,;J-I 'l/lxi' Applymg 
rot to the both Sides of Eq (3) yrelds 
"BArot il-KBrot a-o 
From Eq (BJ) we find 
rot tl = rOl(ro/[rol(a.VJ)]] 
=grod[dw[rot(a.Vj)]] - Arot(ruVf) 
= - Arot(a.Vf) 
(84) 
Substttutlon of the latter equation Into Eq (84) 
gaves 
- PfB~bot(rx'Vj) + KBtJ.rot(rx,Vj) = 0 (BS) 
Usmg the antlsymetnc umt tensor e~ (e l23= 1. 
EfJIt - - EJI/c'" - EA}) In Eq (BS) we amve (m 
the same way as ID AppendIX A) to the followmg 
equatlOD for f(r) detemunatlon 
~B~'r - K.~f" ~ 0.. (D6) 
where • means a denvattve In respect to , = If I 
After substitution f~"'I' (where ~(r) IS a new 
unknown function) we obtam from Eq (86) 
( >/I'''' >/I")" PfB,-KBtJ., -0 
Eq (B7) has the followlDg solution 
f-",(,)-g+G+ M'X~~') 
" , 
NCXP-( fK.,) 
+ V% +.4,4+Br2 
, 
(B7) 
where Q. G. M and N are IDtegratton constants 
In order to satIsfy boundary conditions far from 
the partlcle (BI) constants M • .4 and be B must be 
set to zero and constant G can be easily deter· 
nnned. tlus gives 
f~g+N(exp-(~,) 1 + fK.\~" (B8) 
, r , ~;;;fK. 
Eq (B3) can be rewntten as 
,,= rx.x+ grad[drv(<<*Vj)l-rx,VtJ./ (B9) 
Usmg latter two equations we obtam 
~ __ IS.2+ _ fK. .;-;;; -6 ..;-;;; -IS P;; j"i;;' IS"· t-;;; +IS!!!.~ t .2"''''1'. ! 1 a,-( ~,) a,-(,~') a,-( ~,) n,-( ~,) )1 ,.. .Jib r r .JK;. r K. r K., 'J-I 
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Non-shp conditIOns at the particle surface result 
ID the foJlowmg values of mtegraUon constants N 
andQ 
Now funcuonf{r) IS completely detenmned Ao. 
cordmg to Eqs (3) and (B9) the pressure gradient 
can be expressed as 
Vp """ grod dw ('1aU VI - Kau Vf) - K8'n X 
After mtegrauon of the latter equauon 
, 
I ' L flUX/X} 
p= --2Ka L fl'lx/x}+3(N'I.-QKsJ'/-I , 
V-I r (812) 
Usmg defimtlon of the stress tensorlTj/= -p6j/+ 
( iJU Oil) '18 ex; + ~ and Eqs. (810)-(812) giVes the fol-
lowmg expression for the VISCOS stress tensor. 
[
I ...I 3(N,. - QK'>} • 
.... ~ -,K.,--- J _ r. 11"""', 
, ~J_I 
Let us calculate a correction to the VISCOUS stress 
tensor at low concentratlOD of particles. For any 
function g we mtroduce an average value as 
(BII) 
(g) = ItvJ.,g d V. where V IS the volume of the 
big sphere WIth centre comCldes WIth the partICle 
centre The volume V does not mc:lude any other 
particles (Iow partICles concentration) Integration 
of the VISCOUS stress tensor over the volume V 
results m 
«,)- -(P)8.+,,( (~)+(~)) 
+~ L{Uj/+P6j/-"B(::~+*)}dV 
(814) 
The expression under the mtegral ID the ngbt 
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hand Side of the latter equatIon IS zero outsIde the 
partICle and differs from zero mSlde the particles 
A dtrect calculatIon of such mtegral lDSlde the 
partlCle requu"tS mvestlgatIons of the stress tensor 
mSlde the particle However, It IS possible to aVOid 
tillS problem by a transformation of the tntegral 
over volume to the mtegral over oompnsmg sur. 
faces Inner surface of the volume V, 1:, whIch 
does not go through any other particle 
Usmg Eqs (AI)-(A3) and defimtlOn of the 
stress tensor we can rewnte the stress tensor as 
1 ~ (iJ(u"x/) iJ(u,.x.) K. O(il,x,X/») /711-21:~1 ox. + iJXIe - • OXIe 
(BIS) 
Substttutlon of Eq (Bts) mto (814) gIVes 
(u,) ~ ~( (:~) + (~) ) 
+ 2
tV#.tl(/7j,\X) dh+(J~1 dh 
- K.(J.xlx, df,J - 2".", d./j - 2".uj dft} 
(BI6) 
The value (P) dtsappears because the average 
pressure IS equaJ to zero (P) IS a scalar, whtch 
must be determmed by a hnear combtnauon of 
components of tbe tensor Cfl.h the latter scalar IS 
equal to I1_ lau = 0 In order to calculate the mte-
gral ID (B16) the folloWlDg relatiOns whICh are 
valid at mtegratlon over sphencal surface, are 
used 
where 11, = xi" d:t IS the ddTerenual on the 
sphencal surface Eq (816) may be rewntten In 
the foUowmg way 
(u,) ~ ~.( (:~) + (~) ) 
+ 21Vflt,(0",.t!IJII.t"+ tT)I!I,lIl1' 
- K.(J"",II)nll'~ - 211.11111) - 211.")1I/} dI 
(BI8) 
For cakulatlon of the Integral (B18) we WIll use 
stress tensor gIven by Eq (BIS) and the velOClty 
vector gIven by Eq (BIO) ]n the final equatIon 
we keep terms proportional to l/r'1 and onut those 
tends faster to zero 
QK.) 
(BI9) 
Where 
(OU')+(~)~2'~ Ox, OXI (B20) 
After substitution of mtegtatIon constants N and 
Q from Iq (B11) w. find uslDg Iq. (813), (BI8). 
(BI9) 
..!..!-15(N~.-QK,,)~( )n dl: 2vjz: ,2 ",,~, fZp/I,n, ,IIJ 
K.(a) [i;+6a2+IS r;; 0+15 "B)~1fQ3 v% "Ta K. 3 
= 3(1+[;0) V flU-
(B21) 
In the c:ase under oonSlderatlOn, 6p- «4/ 
3) •• 'lW. hence. from Eq. (BI8)-(B21) we 
conclude 
The latter equatlon can be rewntten as 
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K.(a1 iK.+ 6a2+15 70+15;;) 
+ ..J7t; ..Jx. fI ~p 
6(t + fK, a) 
,,;;;; (B22) 
Companson of Eq~ (822) and (9) gives 
K.(O' /K. + 6a1 + 15 {ti; a + IS "s) V-;r; VY. KB 
(823) 
Ir .j(KrJ/('1B}a-+O then the latter equation glVes 
If, ... 5/2, which COIDCldes WIth Emstem's 
equation 
Appendix C. Solution or the system or the differeD-
flal Eqs. (\4)-(\5). 
The resulung system of the dtfferentlal equa-
tIOns IS (14)-(15) With boundary condlttons (16) IS 
under conslderatlon below DlVldmg Eq (14) by 
Eq (IS) gives 
dZ 27'1(1+A+~~)(1+A) 
d~ = Z ft 15 15 
-+6+-+-~ g ~ 
,,;; ~ 
(Cl) 
After substitution Z=,2('1) x 'I. where '(11) IS a 
new unknown funCbon the dtfferentlal Eq (Cl) 
bec:omes 
1 d" 21(,)+6,2+ 151+15) 
"d, (- ,s _ 6'" - 12r3 + 15t2 + 541 + 27) 
Eq (Cl) can be duectIy mtegrated 
In~+C= 
J 21(,'+612+151+15) d (-/ 5 _614 _1213 +15,2+541+27) t 
where C IS an mtegratlon constant. 
(C2) 
(C3) 
PolynomIal functJon m the denominator can be 
presented as 
Ttrp4.I)O 10 
0,9 
08 
07 
0,6 
0,0 o~ 0" 06 08 10 
rp 
FIJ. " Depcudenoe of I1.4.UO on porosity • '(calculated 
aecordms: to Eqs. (I") and IS)) Broken honzontal hne c:orre-
sponds to 0 5951 
_ ,s _ 614 _1213 + 1511 + 541 + 27 
- -(/+ 163209) 
x(/+067371Xt-189389) 
X (- 1'- 5587971 -12 96558) 
Usmg the latter representatIOn the mtegral 1ft 
the ngbt hand Side of Eq (0) can be directly 
calculated The result IS 
f 2J(ll+611+1SI+lS) d (-1 5 -614-913+1811+541+27) I 
= 0 0457026 arctg(O 220129(5 58797 + 21)) 
-I 10585 Inll 89389 - /1- 0 414691n11 
+ 0 673711 + 0 3195791nll + I 632091 
- 0 3995210(12 9656 + 5 587971 + 1'1 
In denvatlon of the latter two equations 
MatematlC8 symbolIC manipulation IS used The 
tatter equanoD and Eq (C3) results 10 
In'1+ C 
= 0 0457026 arc'g(O 220129(558797 + 2/)) 
- I 105851nll 89389 -11-0 41469Inl' 
+ 0 673711 + 0 319579101/+ I 632091 
- 0 399521n(l2 9656 + 5 587971 + I') (C4) 
The mtegratlon constant C can be calculated 
usmg condition 
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which can be dlJ'eCtiy deduced from boundary 
condItions (16) Eq (C4) and boundary condition 
(C4), whIch gaves C - - 1 368995 
Below the case when the concentratJon of the 
particles, Y. tends to 1 15 lRvestlgated 
It IS clearly seen from Eq (C4) that t ranges 
between 0 and value 1 89389 It happens because 
t starts from 0 at ,,1C 1 and can not pass value 
1.0 "" I 89389 (tlus value anse5 10 the thtrd term 
_ t 10585 Inl' 89389-1~ Eq ® Conse-
quently, at " tends to Infimty JZ/,,-tc Eq 
(15) after substitution Z "'" t~" )'lelds 
d~_l_~_ 
d, - (t -,)' 
(C6) 
where l "'" (I~ + 61~ + 151<0 + 15)/6(1 + t.o)'" 
4 130 Eq (C6) corresponds to the 111111ttng case 
y-t 1. Solutton of thlS equatlon 15 
,,== C2;l(1- y)_4.uo. (C7) 
where Co:c IS an mtegratlon constant Accordtng to 
Eq (C7) exact solunon should satISfy the follow. 
mg reqUlrement 
"ql4UO_Cao• at qI-tO 
(C8) 
Constant C
ao 
IS calculated usmg direct mtegratlon 
of system (14)-(15) (see Fig 4 for details) The 
result IS C<o = 0 5957 and 10gl00 5957 = - 0 2249 
The asymptotiC dependence IOgI0""-
4 130 IOg10 tp - 0 2249 of the VISCOSity OD porosity 
IS presented ID FIg. 3 (asymptote 3) 
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Abstract 
• 
DIspersed partIcles can fonn clusters even at low concentrations. Colloidal and hydrody-
namic forces are responsible for tlus phenomenon and these forces determine both structure 
and size of clusters. We assume that the viSCOSIty of a concentrated suspensIon IS completely 
determined by cluster size distnbution, regardless if clusters form under the actIon of 
colloidal, hydrodynamic interactions or applied shear rates. Based on this assumption an 
equation, which descnbes dependency of VIscosity on a concentration of dIspersed partIcles 
taking into account cluster formation, is deduced. Under special restrictions the deduced 
dependency coincides WIth the well-known Dougherty-Krieger's equation except for a clear 
physical meanmg of parameters entered. Our consideralton shows that Dougherty-Krieger's 
equation has deeper physical background than it has been supposed earlier. Experimental 
venfication of the suggested model shows a good agreement WIth the theory predictIOns and 
proves a presence of clusters even at low concentrations of dispersed partIcles. © 2002 
Elsevier Science B.V. All rights reserved. 
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1. Introduction 
There is no need to describe the importance of concentrated suspensions for 
industrial applications as well as a number of theoretical approaches used for 
description of viscosity dependence on concentration of dispersed particles [1]. 
Colloidal and hydrodynamic interactions between particles result in a formation of 
doublets, triplets and higher clusters [1]. Aggregation of particles may be accom-
panied by destruction of aggregates caused by finite depth of potential well and/or 
shear stress applied. As a result a steady state distribution of cluster sizes is formed 
in the suspensIOn. Presence of clusters influences drastIcally viscosity of concen-
trated suspensions. Computer simulation IS a useful tool for explonng the relation-
ship between interparticle interactions and rheological properties of suspensions. 
Clustering and restructuring of colloidal systems under shear is observed in a 
number of computcr simulations [2-6]. However, computer simulations cannot 
substitute analytical modeling, and interactions between these two types of model-
ing can provide a new insight. Here we present a new analytical method, which 
allows deduction of the dependence of viscosity on particle concentration taking 
into account cluster formatIon. A differential method, a modified vcrsion of which 
is used in the present paper, has not been frequently used in this area. For this 
reason, the differential method is briefly reviewed below. 
The dIfferential method is adjusted for determmation of effective properties of 
non-homogenous media. For the first time the differentIal method has been 
suggested in Bruggemann [7] and then it has been applied for determination of 
VIscosity of concentratcd suspensions without cluster formation [8,9]. Elastic 
properties of solid non-homogeneous materials have been investigated [10,11] with 
the help of the same method. Comparison of calculations of dIelectric permeability 
of suspensions based on the differential method with both experimental measure-
ments and other theories are presented in Duhkin and Shilov [12]. Comparison 
shows an excellent agreement of the differential method predictions and experi-
mental measurements (Figs. 20 and 24 in [12D other theory predictions (Table 8 in 
[12D including statistic physics treatment [13]. 
Below a modified version of differential method is used for calculation of 
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viscosity dependence on concentration in the case when clusters form in a suspen-
sion. 
2. Theory 
Let us consider a suspension of volume V, which contains N single particles. The 
volume fraction of particles, 'I, is 
vN 
v=-V 
(1) 
411" 
where v = Ta3, and a are the volume of a single particle and particle radIUs, 
respectively. Let n" i = 1,2,3, •.• be a number of clusters of corresponding size in 
the volume V and '1'mu i = 1,2,3,... be an averaged packing density of single 
particles inside corresPonding clusters. n, is a number density of 'clusters of size 1', 
i.e. single particles, hence, '1'.m .. - 1. 
Volume fraction of clusters containing i particles can be written as 
V. ivn,. 
'I. = V' Pi - --, z -1,2,3, ... 
'YI,max 
which satisfy the following mass conservation condition 
(3) 
It is assumed below that the viscosity of the suspension is completely determined 
by cluster size distribution, i.e. can be described by the followmg dependency 
(4) 
where "'10 is the viscosity of the pure liquid. 
When all cluster concentrations, 'I" are zero, the suspension consists only of the 
pure liquid and Eq. (4) gives 
"'10 = '1'("'10,0,0,0, .•• ) (5) 
which is used below. 
When particle density, 'I, is small then all 'I. are small too and Eq. (4) can be 
written in accordance with Einstein's relation as 
'1'["'10.'11,'12,'13'···] = '1'["'10.0.0.0 •... ] + 2.5 1: "'1oA.'1. (6) 
.-1 
where coefficients A •• i - 1,2,3, .•. are deviations of friction coefficient of clusters 
with i particles from the corresponding value for solid particles. Obviously A, - 1 • 
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Coefficients A" , = 1,2,3, ... are referred to below as frictIon coefficients for 
abbreVIatIon. The meanmg of friction coefficients can be understood using the 
followmg example. Let two spbencal particles with the same dIameter be con-
SIdered: tbe first one is a solId particle, tbe second one is a particle composed of • 
smaller particles (a model of a cluster) A friction force exerted to each of two 
particles under consideranon will be dIfferent tf both partIcles are placed in a 
lIquid flow. Let A, be a ratIo of tbe fnction force in the case of the composed 
particle (cluster) to the correspondmg force exerted to the solId particle. The 
friction force is changed in the case of the composed particle because of two 
reasons: (a) a solid surface exposed to the liquid flow is smaller than in the case of 
the solid partIcle, (b) the lIquId flow partIally penetrates mside the composed 
particle. Two mentioned trends, (a) and (b), cbange A" • - 2,3,. •• values In 
dIfferent ways: because of the reason (a) these values decrease and Increase 
because of the reason (b). That IS, a complex Interplay determines A" i - 2,3, .•. 
values. FrictIon coefficients can be calculated based on the theory developed in 
Perepelknn et al. [141. 
Devaation of cluster shapes from sphencal is an addItIOnal cause of change of 
fnctIon coeffiCIent values 1151. 
It is obvIous that parameters 'Y'.mall t A" I =- 2~, ... are functions of both 
colloidal, hydrodynamic interactions and applied shear rates. These dependencics 
are left undetermined in the present consideratIon. 
Let a small amount of clusters, AnJ « n, i = 1,2,3, ... be marked randomly in 
the whole volume of suspension The suspension can be consIdered as a mlXture of 
the marked clusters surrounded by a suspension of Don-marked clusters. Volume 
concentratIons of the marked clusters, AlJ.i' i = 1,2, ... , are 
M'i .l1n, 
1111, = V' 11V, = --, 1=1,2,3,... (7) 
'Y"max 
Concentrations of non-marked clusters m the rest of the suspensIon are 
V, - AV, 
'" v- E AV, 
I-I 
r - 1,2,3, .. 
or keepmg only first order terms: 
V, 
11~, = V -
v- EM'i 
,-I 
r = 1,2,3, .. (8) 
Marked clusters are surrounded by the rest of the suspenSIon, which is assumed 
to be a homogenous lIquid with viSCOSIty '1'["·'"'/1 - AEI,"'/z - AE"y, - AE" ... ], 
184 
VIscosIty of concentrated suspensIOns and propertIes of porous medIa 
V Starovet aL I Advances on CoUoul and Interface SCIence 96 (2002) 279-293 283 
where small volume fractions ~I;., i = 1,2,3, •.. in the latter expression are given 
by Eq. (8). Hence, viscosity of suspension can be expressed in two ways: according 
to Eq. (4) and considering the suspension as a mixture of marked and non-marked 
clusters: 
T] = 'I'['I'[T]O'YI - ~I;I,'Y2 - ~1;2''Y3 - ~1;3' .. ·]'~I'-I'~1'-2'~1'-3'···] 
The right hand sides of Eqs. (4) and (9) should be equal, this gives 
'I'£-rlo,'YI,'Y2,'Y3'···] = 'I'['I'[T]O,'YI - ~1;1,'Y2 - ~1;2,'Y3 
- ~1;3 ,···],~I'-I ,~1'-2 ,~1'-3. , ... ] 
(9) 
(10) 
A transformation of Eq. (10) is given in Appendix A. As a result the following 
differential equation is deduced, which describes dependence of viscosity of con-
centrated suspension, T], on volume concentration of particles, 'Y 
(11) 
Solution of Eq. (11) should satisfy boundary condItion, which follows from Eq. (5) 
(12) 
Let us introduce the following averaged values 
~ 
E A.'YI E 'Y •. max'Yl 
- 1-] ,-1 A = ="",--, :Vmax = ="'-~..--- (13) 
.-1 
which are an averaged resistance coefficient and an averaged packing density of all 
clusters. Using Eq. (3) and definition of 'Ymax [according to Eq. (13)] we can 
conclude 'Ymax - ~, or E 'YI - _ 'Y • Substitution of the latter expression and E "1, i-I "'(mu 
.-1 
Eq. (13) into Eq. (11) results in 
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or 
_d1) = 2.51)[-dA .;!.- + ------,A.,.-- d( -c ) 1 
d"'( d'Y 'Ymax 1 __ 'Y_ d"'( 
:Vmu 
(14) 
Let us assume that A is independent of volume concentration 'Y but still A can 
depend on applied shear rate. In this case the latter equation takes the following 
form 
2.51)A 
'Y 1---
:Vmax 
d(..2..) 
'Ymax 
with boundary condition [Eq. (12»). 
(15) 
It is important to emphasize that 'Ymax is not supposed to retain a constant value, 
independent of volume concentration "'(. 
Solution of Eq. (15) with boundary condition [Eq. (12») is 
1 (16) 
1)0 
- -----="=" 
(
1 _ .;!-)2 SA 
'Ymu 
Eq. (16) almost coincides with Dougherty-Krieger's equation [16,17) 
(17) 
where [1')) is an intrinsic viscosity. However, it is important to emphasize that: (1) 
"'(mox in Dougherty-Krieger's equation [Eq. (16») is constant, whereas 'Ymax cannot 
be; (2) both parameters A, 'Ymax are a function of the applied shear rate. 
It is easy to conclude that Eqs. (16) and (17) coincide if we adopt 
2.5A 
'Ymax = 'Ymox> [1')) = -_--. 
'Ymax 
It is necessary to stress here that in spite of a striking similarity of Eqs. (16) and 
(17) a physical meaning of parameters included in Eq. (16) is quite different from 
those used in Eq. (17). According to the theory developed above viscosity depen-
dence on concentration is connected with cluster formation and this physical 
phenomenon is incorporated in Eq. (16). 
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If particles do not fonn clusters, that is, 'YI = 'Y; 'Y. = 0, i = 2,3,4, .•. and, hence, 
"fm .. - A = 1 should be adopted in Eq. (16), which gives 
"l('Y) 1 
--=---= (1 - 'Y)2.5 (18) "lo 
The latter equation coincides with earlier obtained solution for the same case 
[8,9] when particles do not fonn clusters. 
3. Comparison with selected experimental data 
A comprehensive review of experimental data on viscosity of concentrated 
suspensions is presented in [18]. In Fig. 1 a comparison of experimental data with 
predictions according to Eq. (18) (CUIVe 1), and Eq. (16) (cUlves 2-4) is presented. 
Experimental points used in Fig. 1 are specified in Thomas [18]. Fig. 1 shows that 
the whole array of experimental data can be described using Eq. (16) at different 
but reasonable parameters "fmax and A: CUlVe 4 ("fmu - 056, close to a simple 
cubic packing density; A = 0.72); curve 3 (1max = 0.65, close to a cubiC centered 
packing density; A - 0.67), curve 2 ("fmax ~ 0.73, close to hexagonal packing 
density; A = 0.61). 
4. Experimental method 
This section presents results of rheological experiments and comparison with 
theoretical predictions. Yeast suspensions at diffcrent cell concentrations are used. 
4.1. Suspension 
The suspension under investigation was made of active dry baker's yeast Saccha-
romyces cerevisiae (Lesaffre, France) suspended in physiological solution (8 g/l 
NaO). Yeast particles were of 5 ... m average diameter. The particle density was 
1.13 g/cm3• The volume fraction of the suspension is used below. 
4.2. Volume fraction detenninatwn 
Since yeast cells allow water transfer through the cell membrane, the detennina-
tion of the volume fractIOn is not straightforward. The conversion of a dry weight 
into the volume fraction has been a source of errors in literature on the concentra-
tion dependence of yeast viscosity [19]. A particular attention is given here to the 
determination of the volume fraction, 'Y, of yeast suspensions. Reuss et al. [19] 
proposed a dye dilution technique to determine a volume fraction as a function of 
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01 
FIg. 1. Relative viscosity as a function of volume concentration of dispersed particles. Experimental 
pomts from the revIew by Thomas US]? sohd lmes accordmg to Eq (16) WIth different values of ::Vmax 
and A. Curve 1: 'Ymu - 1. X = 1 (particles do not form clusters); CUlVC 2: ;Yrnn - 073 (close to 
hexagonal packmg of particles mside clusters) A - 061; curve 3: Ymu: - 0.65 (close to cubiC centered 
packmg of parbcles inside clusters). A - 0.67; curve 4: ::Vmax - 0.56 (close to simple cubic packing of 
particles IDslde clusters), X - 0.72. 
a dry weight at several osmotic pressures: a fIXed quantity of a dye (Naphtol green 
B) solution is mixed with the yeast suspension. External water is then determined 
by measuring the dilution effect. 
In this study, the determination of the volume fraction is carried out according 
to the following procedure: two to three drops of concentrated Naphtol green B 
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solution are added to the thoroughly mixed yeast suspension in a 2oo-ml (Vo) 
centrifuge tube, which is centrifuged at 5000 rev./min for 30 min. The volume of 
the sediment (V .. ) and the extinction value (710 nm) (El) of the supernatant are 
then determined. The sediment is re-suspended in the supematant of the original 
suspension in order to ensure constant osmotic pressures. After mixing and 
centrifuging, volumetric determination of the sediment and measurement of the 
extinction (E2) are repeated. This procedure gives the following value of the 
volume fraction 
-y= (19) 
The results obtained are compared with two other techniques of determination 
of volume fraction: thermogravimetric (Mettler-Toledo) and conductimetric analy-
sis (Coulter). There is a good agreement with data obtained by the three different 
methods confirming the validity of the experimental results. 
The volume fraction 'Y is obtained as a linear function of yeast concentration C 
(% dry w /w) expressed as follows: 
-y -A xC (20) 
The values of A determined by the three different methods are presented in 
Table 1. 
4.3. Rheological measurements and obseroation of cluster fonnation 
Rheological measurements utilized a controlled strain rate rheometer (Rheomat 
115 - Contraves) with concentric cylinder geometry. Temperature of the suspen-
sion in the rheometer was maintained and controlled at 20°C in all measurements. 
Determinatton of physical parameters describing the rheological properties of 
the suspension requires steady state condItions. Experiment shows that at volume 
Table 1 
Experimental values of A using different expenmental methods 
Experimental methods 
Dye dtIution 
Conductnnetnc 
ThennograVllIlctlc 
189 
A (% dryW/W)-1 
2.1 
1.8 
20 
Aavera&e: 20 ± 02 
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fractions higher than 0.3 the rheological behavior becomes non-Newtonian because 
viscosity value depends on the shear rate. 
Linear increasing-decreasing shear rates sequences 10-1000-10 S-I are per-
formed during 2000 s including a step at 1000 s - I for 200 s to reach a steady state. 
For a direct determination of cluster formation a drop of yeast suspension is 
placed on the support of the sample and is observed by optical microscope (Zeiss). 
The number of single particles (NO, clusters (N2), triplets (N3), four and more 
particle clusters (N4 & + ) are calculated. 
5. Results and dIscussion 
Yeast suspension is selected for comparison because of the followmg reasons: 
1. yeast suspension clearly shows cluster formation; 
2. the mechanism of clustering is mostly unknown but in spite of this viscosity 
measurements are in agreement with deduced dependency. We would like to 
emphasize once again that any mechanism of cluster formation results in the 
deduced dependence of suspension viscosity on concentration. 
The number of single particles (NO, clusters (N2), triplets (N3), four and more 
particle clusters (N4 & + ) at 'I = 0.002 volume concentration are presented in 
Table 2. 
Yeast suspensions at different Iow concentration were observed under a micro-
scope. Results are presented m Fig. 2a-c. All concentrations used are Iow enough 
('I = 0.002, Fig. 2a) and ('I = 0.02 and 'I = 0.04 Fig. 2b,c, respectively). These 
pictures clearly show that clustering increases with concentration and at 4% 
volume fraction particles are mostly aggregated and form clusters of different sizes. 
It is usually assumed at theoretical considerations that suspensions are monodis-
perse at such Iow concentrations, which is in an obvious contradiction with Our 
observations. 
Fig. 3 presents comparison of the measured relative viscosity vs. volume fraction 
of yeast suspension (points) and theoretical Eq. (16) (solid lme, fitted parameters 
are 'Ymax = 0.73 and A = O. Base fluid is physiological suspension (8 gjl Na~[). 
It is worth noting that according to our derivation parameters 'Ymaxand A are 
complex functions of: (a) interparticle interaction potential; and (b) hydrodynamic 
interactions between clusters. Both interactions are unknown In the case of yeast 
Table 2 
Number of single particles and clusters at 'Y - 0.002 volume concentration 
Nlol N2 N3 N4&+ 
Result 100 6 1 o 
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Fig. 2. Photographs of ye~ls t suspensions at different concen tra tions. (a) 'Y = 0.002. (b) 'Y = 0.02. (c) 
~ - 0.D4. 
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Fig. 3. Companson of measured and predicted relatIVe VIscosity on concentration of yeast suspension. 
Soltd cwve according to Eq (16). Fitted parameters are 'Vma - 0.73 and ;r - 1. 
suspensions. In spite of this reasonable agreement with experimental data is 
achieved using a fitting procedure with these two parameters. 
6. Conclusions 
A new method is suggested for derivation of viscosity dependence on the 
concentration of dispersed particles, taking into account cluster formation. We 
assume that the viscosity of a concentrated suspension is completely determined by 
cluster size distribution, regardless if clusters form under the action of colloidal, 
hydrodynamic interactions or applied shear rates. Based on this assumption, an 
equation which describes dependency of viSCOSity on a concentration of dispersed 
particles taking into account cluster formation, IS deduced. Under special restric-
tions the deduced dependency coincides with the well-known Dougherty-Krieger's 
equation except for a clear physical meaning of entering parameters. Our consider-
ation shows that Dougherty-Krieger's equation has deeper physical background 
than it has been supposed earher. Observations of yeast suspensions prove a 
presence of clusters even at low concentrations of dispersed particles. Viscosity 
dependency of yeast suspension on concentration is m good agreement with the 
deduced theoretical equation and gives reasonable value of parameters. 
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Appendix A 
Below mathematical transformations of Eq. (10) are presented which do not 
include any additional assumptions. 
Everywhere below only iust order terms are taken into consideration. Using Eq. 
(6) the right hand side of Eq. (10) can be re-written as 
'I'['I'["'O'YI - ael 'Y2 - ae2'"Y3 - ae3.···].afLI.a fL2.a fL3 .. ···] 
= 'I'['I'["'O."YI - ael ."'I2 - ae2'"Y3 - ae3.···].0.0.0 •.. ] 
+ 2.5 E AI'I'['I'[ 110'"YI - ali l ."'I2 - ali 2 '"Y3 - aIi3.···].0.0.0 •.•• ]afL. 
,-I 
+2.5 EA.'I'[110'"YI - ael."Y2 - ae2."Y3 - aIi3.···]afL. 
,~t 
+2.5 E A,'I'[ "I]0."'II."'I2."Y3,.··]ap., 
,-I 
(AI) 
Further transformation of right hand side of Eq. (At) keeping only first order 
terms gives 
'1'["1]0,"'11 - alil,"Y2 - aIi2."Y3 - aIi3.···] 
~ 0'1' 
- '1'("1]0."'11."'12."'13 •.•• ) - E -alii 
t-l iJ~, 
Using Eqs. (At) and (A2), Eq. (10) becomes 
(A2) 
SubstItution of expressions for alii from Eq. (8) into the latter equation and 
collecting all terms proportional to All-I gives 
~ 0'1' 0'1' E -"Y} - - + 2.5A,'I' = O. i = 1,2.3, ... 
}-I o"y, 0"'1. 
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Let Eq. (A3) be multiplied by 'VJ and summarized over j - 1,2,3... this gives 
~ Cl'l' 
Substitution of the latter expression for E -'VJ into Eq. (A3) gives 
}-I Cl'V, 
It is obvious that 
d'l1 = E <3'1' d-y. 
d-y .-1 Cl'V. d'V 
(A4) 
where 'V is the volume fraction of particles. After multiplying Eq. (A4) by d'V. and 
d'V 
summation over i = 1,2,3... Eq. (A4) becomes 
(AS) 
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Effective elastic properties of a rubber/polymer sheet with cracks 
VG. Zhdanoy and V.M. StarOY 
Loughbotough UnlvctSlty. Loughboroush, LEII 3TU, UK. 
In tIus paper equatlODl for calculatIOn of dependence of the cffccbvc clastIC cocff"lClcnll OD the eonocntrabon of craeb arededuccd 
based OIl mochficd Bruggennan's approach It LS ShOWD that the values ofmodub ~ and ~ calculated wnh usmg these equations are ID 
good a~1 With cxpenmental data. 
t.lntrodualoD 
The Bruggerman's method has been successfully applIed 
for calculation of effective dlelectnc constants of suspen· 
SlODS and emulsIOns [I) In (2) the modified version of the 
Bruggennan's method has been suggested and apphed for 
calculation of effective viscosity of suspensIOns. The same 
method has been used for calculation of viSCOSity and per-
meabtlity of porous medta in (3). ExprossIOns ofth. Young's 
modulus and POlsson's ratio m the case ofa sIDglc crack in 
a rubber shecthavo been deduced m (4). ExpcrunontaJ mea-
surements oftbe dependence of the effective Young's mo-
dule and P01SS00'S ratio on the concentration of cracks have 
been undertaken in [Sf 6] as well as companson of experi-
mental dependenCIes WIth theoretical calculations of authors 
basedon the Bruggorman's method. However, the final equa-
tions are given ID [5, 6] as a matter of fact without denva-
tion The latter does Dot allow mumg further general1Z8-
hon and estimahng a correctness of the results obtalDed. In 
tlus paper equahons for calculahon of dependence of the 
effectlve elastic coefficients on the concentration of cracks 
arc deduced based on modtfied Bruggorman's approach [2, 
3) A polymer sheet With cmcles IS a model of a flat porous 
membrane, the latterdetennmes unportance ofthe problem 
undercoDSlderahon. Everywhere below only a rubbersheet 
15 menttoned for the sake ofbnefness 
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2. Calculation of effective elastic properties 
In thiS section the effective elastic propertIes of a flat 
sheet of rubber With cracks IS conSidered (see FIg. 1) Let 
M »1 IS the number of cracks per area S All cracks are 
randomly onented and I, IS the length oftbe crack, I = 1, 
2. .., M. Cracks are assumed not to mtersect each other. 
The latter 15 always satisfied ID the case of porous polymer 
membranes. 
Density ofcracles,A.1S introduced ID the followlDg way: 
(I) 
Accordmg to the above defmltlon A is always posltt.ve 
and ranges between zero and mfinlty Higher value on 
corresponds htgher concentration of cracks per unit area. 
Let Eo and Vo are the Young's modulus and the Pois-
son's ratio of rubber WIthout cracks. It IS assumed below 
that dependenCies of the Young's modulus edf and the 
Poisson's ratio veil' of the rubber sheet With cracks are 
gIven by the followmg dependencies OD the density of 
cracks,A' 
E<ft = E(E., v •• A) (2) 
and 
(3) 
ViscosIty of concentrated suspensIOns and properties of porous medIa 
76 VG Zhdano'l1 and YM Starov / PhysICal Mesomechania 4 S (2001) 75-78 
FIg. 1 Sample of shed of rubber Wlth cracks has been used (by Vavakm and Salganak [So 6]) for expcnmental mvestJgat10ns ofeffCCtl.vc ClastiC 
properUcs of. rubber sheet WIth cracb 
In the case A~ 0 (no cracks) Eqs. (2) and (3) reduce to 
(4) 
and 
v, = vIE,. v,. 0) (5) 
If densily of cracks is small, a..« 1. then Eq •• (2) and 
(3) can be rewntten as: 
(6) 
and 
(7) 
where AB, AV are two new unknown functions which are 
determmed below 
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Let SM cracks ID the rubber sheet are marked and the 
rest of cracks are non-marked, &I «M The density of 
marked cracks, 69, IS 
flY /2 
se - 1:!l.... (8) 
I_I S 
The denslly of non-marked cracks IS 
M-&l12 A-a..- 1: .L.. (9) 
'.1 S 
Equaltons (I). (8). (9) result ID 
se=~ (I~ 
Sheet of rubber with cracks can be considered as a nux-
lUre of the maIked cracks surrounded by sheet of rubber 
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WIth non- marked cracks So effectIve coeffiCients setr and 
vefl' can be expressed 10 two different ways (1) accordmg 
to Eq. (2). (3) and (11) usmg"lnarked cracks" (WIth density 
Ba) surrounded by the medIum WIth "non-marlced" cracks 
(WIth the denSltyA-OA) The latter IS a medIum WIth un-
known Young's modulus and POlsson's ratio 
E(E •• V •• A-~A). v(E •• V •• A-OA). 
Two mentioned defimttons should gtve equal values of 
the elastlc coefficients The latter results In the followmg 
system of equaltons for their detimllon: 
E(E •• V •• A) = (11) 
= E(E(E •• V •• A-OA). v(E •• V •• A-OA).S9) 
and 
v(E •• v •• A) = (12) 
= v(E(E •• V •• A- ~A). v(E •• v •• A-OA). Ba) 
Equanons (11) and (12) are expanded below mto Tallor', 
sene' USIDg the small parameter OA and S9 and keeping 
only fim order terms. Tnmsformanons ofEq (12) are pre-
sented below because Eq (11) can be transform completely 
10 the same way: 
v(E(E •• V •• A-OA). v(E •• V •• A-~A).Ba)= (13) 
=v(E(E •• v •• A). v(E •• v •• A), 0)+ 
+ av(E(E •• V •• A-OA). v(E •• v •• A-OA). S9) 06+ 
aBa 10 •• 
"--. 
av(E(E •• v •• A-OA). v(E •• V •• A-OA).S9) ., 
+ ~. 
aliA .... 
"--. 
Equation (13) can be SImplIfied using Eqs (3). (5) 
v(E(E •• V •• A). v(E •• V •• A).O)= (14) 
:l'vCEo. vo,A) =vefr• 
CombmabOn ofEqs (3). (7) results 10 
av(E(E •• V •• A-OA). v(E •• V •• A-OA).Ba) 
aBa 
_ av(E(E •• V •• A). v(E •• v •• A). ~6) 
- aBa 
-. 
.... 
"-_. 
= ,4'(E(E •• V •• A). v(E •• v •• A» =,4' (E"; V'ff) 
EquatIOn (3) gtves' 
(IS) 
av(E(E •• V •• A-OA). v(E •• V •• A-OA). Ba) 
a~).. _. = (16) 
"--. 
_ av(E(E •• V •• )..-O)..). v(E •• V •• A-OA).O) 
- ali).. 
•• 
_ av(E •• V •• A-OA) 
- (6)" 
av(E •• v •• )..) dv,ff 
_. =- a).. - dI.. • 
Equanon (13) can be SImplIfied usIDg Eqs (12). (14)-
(16) as 
dvelf' 
O=,4'(E'''; v'ff)li6-di""0).. (17) 
Equabon, (17). (l0) yteld 
dvetl' 
__ = ,4'(E"; V'ff) (18) 
dI.. 
USIDg slDlIlar tran,formaltons. Eq (11) IS transformed 
mto 
(19) 
Equations (4). (5) gtve the following boundarY cond.-
nons 
(20) 
and 
E,ff1 = E. (21) b.-. 
In [4) the following expressions of both the Young', 
modu1us and the POlsson's raho have been deduced at low 
cracks density, SA« 1 
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Eoff = E.(I-~7tliA)-
V'ff= V.(I-~ru;A)-
Companson of the latter two equanons WIth Eqs (6) 
aod (7) gtves 
E " ,4 (E •• V')=-"4E. 
and 
Usmg the 1attertwo equatIons. the system ofdJfferen-
nal equanons (18). (19) can be rewntten as 
dEdi' Eeff1t 
~=--4-' 
dyeR' veR'n 
di""=--4-' 
(22) 
System (22) with boundarY conditions (20). (21) has 
the followmg solutIOn 
-1. .. 
EdI'=Eoe 4 • 
-1."" 
vcft' = voe 4 
3. Comparison with avallable experimental data 
(23) 
(24) 
In F.g. I an example of. rubber sheet WIth cracks IS 
shown, which has been used for expenmental invest.ga-
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FIg. 2 Dependence ofthc Younl'S modulusOll the c:oncentnJbOG of crac:ks. 
).. Sohd hne accordmg to Eq (2S). Expenmental data Iiom IS. 6) 
lions m [5, 6). Dependencies of E"f and v'w on density 
of cmcks are calculated accordmg to Eqs (23), (24) and 
compared WIth expenmental data from [5, 6) FIgures 2 
and 3 show results of comparison, wbJch are sufficIently 
good 
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VISCOSITY OF CONCENTRATED SUSPENSIONS TAKING INTO 
ACCOUNT CLUSTERS FORMATION BY DISPERSE PARTICLES 
V.M.Starov, V.G.Zhdanov, B.P.Lukachevsky 
Moscow State University of Food Industry, 11 Volokolamskoe sh., Moscow 125080,Russia 
, e-mail jilippov@inmech.msu.su 
It is well known that particles in suspensions at low shear stresses fonn clusters 
under the action of colloidal and hydrodynamic forces. An attempt to describe a 
dependence of an effective viscosity on concentration in concentrated suspensions under 
those condItions IS undertaken in this paper. Dispersed particles are supposed to fonn 
clusters of different sizes but with the same packing density of dispersed particles 'Ymax 
inside each of cluster Obviously clusters in suspensions have a different packing denSity 
that is 'Ymax is an average characteristic of a suspension under consideration, and 'Ymax 
depends on an intensity of colloidal forces between dispersed particles. Clusters 
concentration in suspension equals to '{*='{I'Ymax. 
Differential method is used to solve the problem. The method can be explained in 
the following way. Let us consider a suspension With a concentration of a dispersed phase 
'Y, and dispersed particles have fonned clusters. This suspension is referred to as 
SUSPENSION 1. Let us introduce a new homogeneous liquid (LIQUID 2) with the same 
volume and Viscosity as SUSPENSION 1. Let a small volume of clusters be added both In 
SUSPENSION 1 and LIQUID 2. As a result new SUSPENSION 3 and SUSPENSION 4 
respectively are prepared. A concentration of clusters in SUSPENSION 4 is small, hence, a 
modified linear Einstein relallon can be used to calculate a new viscosity in SUSPENSION 
4 
l](r *+~r*) = l](r*) (1 + 2.5Pr*), 
here an empirical parameter p takes into account deviation of a hydrodynamic drag force 
exerted to a cluster as compared with a rigid particle. It is easy to see that parameter P must 
be less than 1. The main assumption of differential method is viscosities of SUSPENSION 
3 and SUSPENSION 4 are equal. USing that assumption a differential equation for 
detenrunation of viscosity on concentration can be derived. Solution of that equation is 
l](r) = (1- r / r max )-2.SP (1) 
The latter equation is close (but not coincides) to Dougherty-Krieger equallon, but in 
contrast with their equation all parameters in our equation (1) have a clear physical 
meaning. We compared predictions according to equation (1) with know experimental data 
on dependence of viscosity of concentrated suspensIOns on concentration. The comparison 
shows (i) parameter P , as expected, is less than 1 and equals approximately to 0.65; (ii) a 
number of experimental dependences (about 20) is described by equation (1) when a 
packing density In clusters 'Ymax changes from the most dense (hexagonal) to a simple cubic. 
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VISCOSITY OF CONCENTRATED SUSPENSIONS: 
INFLUENCE OF CLUSTER SIZE DISTRIBUTION 
V.Zhdanov. V.Starov 
Department of ChemlCIII Engineering, Loughborough Unlvenlty. LE11 :STU 
V G2hd!!!lOY@!bo!o.ae.ut,Y,M S!arpyIm!boro.8c,uk 
Particfes in coDoldal suspensions form clusters undtll' the adJon of colloidal and hydrodynamic 
interaclions. All essenllal properties of suspensiOll$ depend on dusttll' size d"rstribution and packing 
density of IndMdI.RII particles inside dU$1ers. We do not specify natun! of forces. which result In 
clusterfonnatlon. that is, r1<r.r), 1=1,2, .... volume fractions of cluster containing k particles an! 
considered as given fIrdons. ~ r is the volume fraction of Individual pal1leles and Is the 
applied shear rate. It Is assumed that the viscosity of the suspension can be desaibed by the 
foDowlngdepellllency ,,='I'/(11 •• rl.r1.·-.r ... ··) when! '1. is theviseosity of the pure liquid. let 
us randomly select a small amount of clusters of size It, Ark' k =1,2,-. and mark these dusters. 
The rest of the suspension with non-marIced dusters is considered as a homogeneous fiql.id with a 
smal amount of hydrodynamlcally non-Interading marked dusters. This approach resuHs in the 
fol\owing ddferentlal equation for \he viscosity on the particle concentration determination: 
d" =!J/~/f. )dA + ;r d(,lf ... .>]. when! - ~ /~ nd dr l''lv - dy l-rlf_ dy , .... =£:,.7,.- trr,a 
1 .. i.4.r_/ir,ar9 averaged ooefficIents; .4.. r,_ 1=1,2,. .. are resistant coefficients. which 
... ... 
desenbe a deYiatlon of a hydrodynamic resistance from the Stokes low and packing denSIty inside 
dusters of si:e I. respeellvely. let us assume that both averaged eoeffielents. 1'. f _. are 
Independent of particle volume fraction. that is. both of them are MeIIons of applied shear !ate 't 
only. In this case \he abcMI equation results in the following dependency of viscosity on particle 
concentration: '1/'1. -(I-rlf_'r'''·. which coincides With the well known Dougherty-Krieger's 
equation except for a diffefenl meaning of parameters entered. Comparison of the latter equation wlth 
experimental data shows that the latter equation Is capable gf desl:ribing them reesonably well. 
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Determination of Effective Properties of the Brinkman's 
Medium Formed by Solid Spherical Particles 
V. G. Zhdanov 
Moscow Slate Academy o/Food Pmduct;Ofl,. Volokolamskoe sh. 11, Mosco .... ~ 125080 RUSSIa 
Received February 25. 1997 
Abstrad-11te problem of efTecbve properties of Bnnkman's medium fonned by spherical particles taken In 
an arbitrary concentratIOn is solved wllhln the framework of a differential model 
In many cases, the slow flow of incompressible liq. 
Uld In a porous medium is descnbed by Bnnkman's 
equation 
gradp = -Ku+I1,4u, (I) 
where p is the pressu~ u is the flow velOCity vector, 
and III and K are the viscosity and the resistance coef-
ficient of the porous medium. Equallon (I) can be used 
for dcscnblOg the flow of a viscous liqUid containmg 
fixed o;;phencal particles. The problem of the effective 
vISCOSity ofBnnkman's dIspersion can be solved based 
on this equation. 
Assume that new fixed spherical particles of the 
radIUS R are pJacqlmto the imtlal Bnnkman's medium; 
then. at a small volume concentratton of these particles, 
accordmg to [I. 2], 
where 11 is the number of addlttonal spheres per umt 
volume. and Ilr and K* are the new viscosity and the 
new resistance coeffiCient of the porous medium. Com-
bmatlOn of equations (I) and (2) YIelds 
K* = K + 6ltl1nR. (3) 
Let us calculate J.1r and K* at an arbitrary concen. 
tratlOn of adchtional particles. 
The viscous stress tensor for Brinkman's liquid has 
the fonn 
Taking into account the liqUid lDcompresSlbility 
condition 
dlvu = 0, (6) 
the mass force can be represented as 
x = -Ku. (7) 
Let us consider the impermeable-to-hquid solid 
sphere of the radiUS R placed mto Brmkman 's medium. 
Far from the particle, the flow around the c;phere has the 
velocity (2) 
V, OSx V, O.Sy V, -z 
Uo ;: -;:;-' Uo = -,:.--, Uo ;: r*' 
(8) 
where Uo is the velOCity scale factor, and,.. = JJ1I/ K 
is the Brinkman radius. 
Let us introduce the current function XU' t 9) m the 
spherical coordinates using the formula~ 
u, = __ I_~. If. = _._I_~, 
r2smeae rsmear 
where r and e are the radial and angular coordinates, 
respectIVely. Then, Bnnkman'c; equation (2) takes the 
fonn 
(9) 
(aU' aU) a'l = -p3,j+J11 ax) +~ • (4) where 
where x is the Cartesian coordinate of the point. The 
now equation can be written in the fonn 
div.,+X = O. (5) 
e2 = .£:+.!.~_ cosS ~ 
a;-' r'as' r'sinSdS' 
The solutIon of equation (9) satIsfying the boundary 
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condItions (8) has the form 
I . 'e 9 X = ism cos 
x [Qr' + Lr-' + Me-'(I + 3r-1 + 3r-'»)Uo• 
I , 
U, = -i(3cos 9-1) 
x [Qr+ Lr'" + (Me-'/r')( I + ~ + ~)]Uo, 
u. = ~sin9coS9[3Qr-2Lr'" -Me-' 
X(r-I + 3r-' + 6r-' + 6r"'»)Uo, 
where r = r ,,.. is the dlmensionless radial coordinate, 
and Q, L. and M are the Integration constants. 
We mtroduce the matnx au with elements so that 
a" =-1, all = O.S, all = 0 S, and au=O at i;'j. Then, 
in Canesian coordinates, the components of the veloc-
Ity vector can be wntten m the form 
{Q 
SLa"n,n,n, 2La ,.n, u, = tt'kn"r+ 3 ,4 -3---;:;-
_ M e-(- CJ.,,,n,ntnl_ 6(1.,I;.II/n .. n, + 3 a,ln,t 
3 r ,2 ,3 
+ 6 (X/lnk _ IS{lJ.I,nJn.tn,_ JSCJ./J:nllJ;n, 
,3 ,3 ,4 
6a"n, a,.n.)}u . _ 1 2 3 + 4+ 0-'-'" 
r r 
(10) 
Here, n = rflrl, r(x, y, z), and the summation is per-
formed with respect to all repeating indices with the 
exception of Greek indIces. 
Makmg the velocity components equal to zero at the 
inclusion boundary: u, = 0 and u. = 0 at r = R*, where 
R" = RI"'. Then, the unknown constants L and M can 
be expressed through the constant Q: 
L= 
, 
M _ SR" Q R' 
- l+R*e , 
R*' ( IS IS) 
1+ R*Q R* + 6 + R* + R*' . (11) 
From boundary conditions at infinity (8), it follows 
Q=t. 
In the limIt R* - 0, we obtain 
M-SR*'eR', L--ISR*'. (12) 
SubStituting the velOCIty expressed by (10) into for-
mula (I) and solVing the obtained relation with respect 
to p, we find that 
(13) 
Takmg into account the expressIOn for the velocity 
(I 0), the expression forthe viscous stress tensor (4) can 
be transformed to the form 
(14) 
where the omitted terms are proportional to c. 
Now, following [3), let us calculate the first correc-
tIon to the stress tensor at a close-to-zero concentration 
of panicles compriSing the porous medIUm. Integrating 
the viscous stress tensor over the large volume V YIelds 
the idenllly 
I f{ (dU' dU )} + V <1/1 + pll" -).11 dX, + ~ dV, 
v 
(IS) 
where x are the Canesian coordinates. 
The average of an arbitrary function g is (g) = 
~ f vgdV • Here, integration IS performed over the vol-
ume of the sphere, whose radIUS tends to Infinity and 
the center coinCIdes with the center of the panicle. 
Inside and outside the panIcle, the element of integra-
tIOn on the right-hand side of (IS) is dIfferent from and 
equal to zero, respectively. From equatIOns (S) and (7), 
it follows 
From this relation, using the symmetry propeny of 
the stress tensor (<1~ = <11') and continuity equation (6), 
we obtain 
(16) 
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To calculate Immediately the integral in (15), there 
i, a need to examine the internal stresses in the inclu-
sion; however, to avoid this obstacle, the integration 
over the volume may be changed for the integration 
over the surface of an infinitely spaced sphere passmg 
through the liquid only. From (15) and (16),11 follows 
(a,) = 1l1((:;~+(~))+2Ivf{a,.x,df. (17) 
+ a,.x,df. - Ku,x,x,df, - 21lIU,df)-21lIU,df,}. 
Here, the term (P) vanishes because the average 
pressure is identically equal to zero (actually, (P) is Ihe 
scalar determmed by the linear combmation of compo-
nents of a" tensor, and thIS scalar is a" = 0). In the cal-
culation of mtegral (17), we use the following relations 
valid for the case of mtegration over the sphere: 
where dJ, = ",-dCll, n," x,/lrJ are the dIrection cosines, 
and dro is the dIfferentIal with respect to the sphere sur-
fdce. Relatoon (17) can be rewntten in the form 
(a,) = 11.((:;) +(~))+ 2IVf{a"nJ'I,r (18) 
+ o}tn,III.:I"- K u;n,n }nl,r2 - 2J.l.",n J - 2111 uin, }dro. 
Let us represent velOCity (10) and stress tensor (4) in 
the form 
where 
COu.olD JOURNAL Vot. 60 No. I 1998 
Substotuting the expressions for u?, a~ into formula 
(18) yields (a~) = 21lIUoa.tr*. Sub<titutmg the 
expressions for u:, a~ mto formula (18) yields 
( ') 4 I Uo a,) = -§"LVa l}1l1 r*. (19) 
Substltutmg the expressions for ":, a~ into formula 
(18) and passing to the hmlt r - - show that (iJu,liJx,) 
and the mtegral over the sphere surface are vamshed. 
Takmg into account the relatIons V = (4/3)",.> and 
R'/r' =y, it follows from relation (12) that (a") = 
Uo 5J.l1",* ')'Ily. Hence, 
r 
(20) 
At Y= 0, formula (20) tramforms into the expressIon 
for the averaged stress tensor for the mitialliquid (a) = 
21l,a,po/r*, and, ify is a small but nonzero value, the 
quantity 111(1 + 2.5y) in (20) represents the effective 
VIscosity of the medium, which can be designated as 
11 ~ • Thus, a y value much smaller than unity, the 
expression for the effective viscosity Jlr, can be wnt-
ten in the form 
Ilf = 11.(1 +~y). (21) 
A companson of equal10ns (I) and (2) shows that, at 
small concentrations of addItional panicles, K* = 
6"J.I,,,R + K. When" is expressed through y, we have 
K* = ~J.I~"y + K. 
2R 
(22) 
From (21) and (22), accord 109 to [4-61, we may 
obtam the differential model 
dK* 91lr" I 
dy = '2 R2 (I-y) 
with the boundary conditions 
(23) 
Ilfl = III and K*I = K, (24) 1-0 y.o 
where III and K are the viscosity and the resistance 
coefficient of Brmkman's hquid free from addItional 
inclusions, and Ilf and K* are the respective effective 
coefficients, i e., the coefficients of the Brinkman's Iiq-
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uid containing additional fixed spherical inclUSIOns, 
whose volume concentration is equal to y. 
The set of d,fferential equations (23) w,th boundary 
cond,tions (24) has the following solution: 
, 
j.1f = J.I,(I -y)-', 
, (25) 
K* = ~~,'((I -y)-; - I) + K. 
Thus, formulas (25) define the effective viscosity of 
Brinkman's liquid and its flow res,stance at arbitnuy 
values of the concentration y. 
For the initial medIUm represented by the Newto-
nian liquid, formula (25) can be rewrllten In the form 
, 
j.1f = j.1,(I-y)', 
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